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PREFACE 

The genei-al principles imdeilying the preparation of this 
text have been previously stated in the preface of the authors' 
"Plane Geometry." The attempt has beeu made to harmo- 
nize modern demands with the best traditions of the subject. 
This policy involves, among other things, greater attention to 
motive in the presentation of each topic, and, as well, cei'tain 
deviations from the usual order of theorems, with cai'e in the 
choice and distribution of the exercises. 

The following features are called to the attention of the 
reader : 

1. A brief prelitninary course precedes the demonstrative 
work. This plan, baaed on ample experience, aims to introduce 
work on actual solids at the earliest moment, and so to prepare 
more adequately for " three-dimensional thinking." If desired, 
these pages (pp. 330-338) may he studied in connection with 
the propositions of Book VI. 

2. The arrangement of topics brings the essentials of the 
subjeet into the forei/rottnd. The list of theorems is reduced 
to a safe mintmam. The suggestions and requirements of the 
National Geometry Syllabus prepared by the Committee of 
Pif teen have been kept in mind throughout, together with the 
requirements of various examining boards. For reasons of 
economy, primarily, prisms and cylinders are treated together. 
This is also true of pyramids and cones. Tor similar reasons, 
polyhedral angles are studied in connection .with spherical 
polygons. A nmnber of familiar theorems are thus rendei'cd 
unnecessary or are given as corollaries. The early introduc- 
tion, in Book VIII, of the mensuration of the sphere serves to 
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vi PREFACE 

sepiiitf the tipitiiifiit of the 'ipheie aa a '^ohd fioiii 'ffhenral 
geometry piopei 

3 Q-eometrw drawing, vn connection uith the jiiMieiples of 
projection ■teteui's vnore than ordinary attention In the opin 
ion of the authois, even a modest tiaining ui this direction 
IS valuable both m the demonstiation of theoiems and m other 
blanches of pme and applied mathematics 

4 The eajei-cises are not evcpssiif m nwmbei oi difficulty, 
hit emphasize aJl ti/pe'' — eonstruettons, computations, and 
original thioiema The vexatious que'ition of applied pioblems 
is approached in a conservative spirit. Technicalities have, as 
far as possible, been avoided in these problems. Many of the 
problems are suggestive and may easily be adapted to local 
conditions. Solid Geometry offers an unusual field for the 
introduction of "community problems." The use of squared 
paper is encouraged. As in the Plane Geometry (pp. 259-264) 
a few problems requiring trigonometric solution are inti-o- 
duced. For their solution a table of natmal functions is added. 
The treatment of loci, while largely informal, may be made 
the basis for the careful development of space intuition. 
SpeciaJ attention is called to the use of composite figures (see 
pp. 330-338, 367, 383, 423, 429, 436-438, 455). 

5. Considerations of limits are usually preceded hy an infor- 
mal discitasion or developm.ent, A serious effort has been made 
to reduce the formal treatment to its simplest terms. 

6. Illustrations, discussions, and historical notes are inter- 
spersed throughout the text, in the hope that they may add to 
the students interest. 

The authors recommend, especially in the case of young 
students, an extensive use of simple models, at least in the 
beginning. A few sticks or pieces of wire, together with some 
rectangular pieces of cardboard or plate glass, will serve to 
make concrete any proposition in Book VI. The demonstra- 
tions should first be given in connection with such improvised 
models, before blackboard diagrams are substituted. Wire 



y Google 



PREFACE vii 

models of solids are easily made. Interior lines or sections 
can be indicated in these models with string or elastic cords. 
The value of blackboard figures is often increased by the use 
of colored crayons. Pupile should be led by slow degrees 
to depend on mental diagrams. They should be requested to 
summarize proofs, orally and also in writing. The preparation 
of outlines both of topics and of chaptei-s is a very valuable 
exercise. 

The authors acknowledge their indebtedness to the follow- 
ing gentlemen, who read portions of the manuscript and offered 
valuable criticisms or suggestions : Mr. F. E. Orofte, of San 
TVancisco, Cal;; Mr, E. H. Barker, of Los Angeles, Cal.; Dr. 
H. W. Sta^r, of I'resno, Cal.; and Mr. A. E. Booth, of New 
Haven, Conn. They also wish to thank their colleagues in 
Rochester and Newark for their interest in the preparation 
of this text and for then' assistance in using the manuscript 
in their classes. Moreover, the standard European and Amer- 
ican texts were frequently consulted. The figure accompany- 
ing the note on page 337 was suggested by the text of Messre, 
G-odfrey and Siddons, while the cut on page 395 is due to 
Professor F, Schilling. 

THE AUTHORS 
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■ supplementaiy. 



a. s. a., haying a side and the two aljoining angles o( one equal respec- 
tively to a side and the tno adjoining ingles of the other. 

s. a. s., having two sides and the included angle of one equal re- 
spectively to two sides and the included angle of the other. 

B. s. B., having three sides of one equal respectively to three sides of 
the other. 

rt. A, h. 1., being right triangles and having the hypotenuse and a 
leg of one equal respectively to the hypotenuse and a leg of the other. 

rt. A, h. a., being right triangles and having the hypotenuse and an 
adjoining angle of one equal respectively to the hypotenuse and an 
adjoining angle of the other. 
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RKFKRENCES TO PLANE GEOMETRY 

The following list is not intended to be complete, but in- 
cludes the facts of plane geometry referred to most frequently 
in the following pages. 

113. Two figures which may be made to coincide in all their 
parts are said to be congruent. We shall use the symbol = for 
the word " congruent." F^ s F^ means that F^ is congruent 
to jFj. From this definition it follows that figures congi-uent to 
(fte same figure are congruent to each other. 

131. Pkeliminaey AssuMPTiOKS Axii Propositions ox 
Lines and Angles : 

Through a given point an indefinite number of straight 
lines may be drawn. 

Two straight lines can intersect in but one point. 

One and only one straight line can be drawn through two 
given points. 

Two straight lines do not inclose a space. 

All right angles are equal. 

At a given point in a given line only one perpendicular can 
be drawn to that line (in the same plane). 

Vertical angles are equal. 

At a given point in a given line a line may be drawn mak- 
ing with the given line an angle equal to a given angle. 

132. General Axioms : 

1. Magnitudes which are equal to the same magnitude, or to 
equal magnitudes, are equal to each other. 

In other words, a magnitude may he substituted for its equal. 

2. If equals are added to equals, the sums are equal. 

3. If equals are subtracted from equals, the remaindei'S 
are equal. 
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XU SOLID GEOMETK-r 

4. If equals are multiplied by equals, the pvoducta are equal. 

5. If equals are divided by equals, the quotients axe equal 
The divisor must not be zero. 

6. Like powera or like positive roots of equals are equal. 

7. The whole of any magnitude is equal to the sum of aH 
its parts. 

8. The whole of any magnitude is greater than any part of it 
Axiom of Superposition. Any figure may be moved about 

in space without changing either its size or its shape. 

133. If two triangles have a side and the two adjoining 
angles of oneequal respectively to a side and the two adjoin- 
ing angles of the other, the triangles are congruent, (a, s. a.) 

134. If two triangles have two sides and the included angle 
of one equal respectively to two sides and the included angle 
of the other, the triangles ai'e congruent, (a, a. e.) 

135. Homologous parte (sides or angles) of congruent tri- 
angles are those parts which are opposite pai-ts known to 
be equal. 

138. If two sides of a triangle are equal, the angles oppo- 
site those sides are equal. 

139. An equilateral triangle is also equiangular. 

140. If two angles of a triangle are equal, the sides oppo- 
site those angles are equal. 

141. An equiangular triangle is also equilateral. 

142. If two triangles have the three sides of one equal 
respectively to the three sides of the other, the triangles are 
congruent, (s. s. s.) 

144. CoNaEUENCB OF Polygons. A. polygon of four sides 
has eight parts, one of five sides ten parts, and, in general, one 
of n sides has 2 n parts, n sides and n angles. It can be proved 
by superposition that if two polygons of n sides liave 2n^3 
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kbfeeetn'ces to plaxe geometry 

consecutive psirts of one respectively equal to 2 «. — i 
tive parts of the other, the polygons are congruent. 

150. If two isosceles triangles are constructed on the same 
base the line thit joins tlifir vertices bisefts the common base 
at 11 ht angles 

151 Two points enh equidistant tiom the extremities of a 
line deteimme the perpendirulai bisectoi of that line, 

161 Of Jl hues that nan be diawn fiom a given point to a 
^\en In e onlj one is peipendiculir to the given line. 

165 If two light tiianglea lia^e the hypotenuse and a leg 
t one equal lespectivel^ to the hypotenuse and a leg of the 
thpi the tiian„les aie congruent (it A hi.) 

166 If two light tnangles have the h-\ i otenuse and an ad- 
]Oii mg angle of (ne eqial lespectnelj ta the hypotenuse and 
an idjoining ingle f the tl ei the iigl t triangles are con- 
(jruent (it Aha) 

170. Parallel lines ai'e lines which lie m the same plane and 
do not meet, however far they are produced. 

When two straight lines are cut by a transversal, if the alter- 
nate-interior angles are equal, the straight lines are parallel. 

171. '\'VTien two straight lines are cut by a transversal, if 
(a) the alternate-exterior angles are equal ; or if 

(6) the exterior-interior angles are equal ; or if 
(c) any two interior or any two exterior angles on the 
same side of the transversal are supplementary, 
the two sti-aight lines ai'e pai'allel. 

172. Two straight lines in the same plane perpendicular to 
the same stKi%ht line are parallel. 

174. Parallel Axiom. Through a given point but one 
straight line can be drawn parallel to a given straight line. 

Two intersecting straight lines cannot both be parallel to the 
same straight line. 
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xiv SOLID GEOJIETRY 

175, Two straight lines in the same plane parallel to the 
same straight line ai'e pai'allel to each other. 

176. If two pai'allel lines are cut by a transversal : 

(a) the alternate-interior angles ai'e equal ; 

(b) the exterior-interior angles are equal ; 

(c) the alternate-exterior angles ai'e equal ; 

(d) any two interior or any two exterior angles on the 

same side of the transversEtl are supple mentai'y. 

178. If two lines ai-e perpendicular' respectively to two in- 
tersecting lines, they cannot be pai-allel. 

180. The sum of the interior angles of a triangle equals a 
straight angle. 

194. The sum of the interior angles of a polygon is equal 
to as many straight angles as the figure has sides leas two. 

195. If the sides of a polygon are produced in succession, 
the sum of the exterior angles thus formed equals two straight 
angles. 

196. A parallelogram is the quadi'ilateral inclosed when two 
pairs of parallel lines intersect each other. 

201. The diagonal of a parallelogram divides it into two 
congruent triangles, and the opposite sides of a parallelogram 
are equal. 

808. Parallel lines included between parallel lines are equal. 

804. The diagonals of a parallelt^ram bisect ea«h other. 

205. A rectangle is a parallelogram whose angles are right 
angles. 

207. A square is an equilateral rectangle, 

208. If a quadrilateral has (a) its opposite sides equal, or 
(5) one pair of opposite sides equal and parallel, or (c) its diag- 
onals bisecting each other, or (d") its opposite angles equal, it 
is a parallelogram. 
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EEli'EKENCES TO PLANE GEOMETRY xv 

215. A trapezoid is a tjuadrilateral two and only two of 
whose sides are parallel. The nonpai'allel sides of a trapezoid 
ai'e called the legs, and the parallel sides the bases. 

216. The line joining the mid-points of the legs is called 
the mid-line of the ti-apezoid. 

219. The mid-line of a trapezoid is parallel to the bases and 
equal to half their sum. 

332. Axioms op Inequality, Proofs involvmg inequalities 
presuppose the following axioms (see § 132). 

8. The whole of any magnitude is greater than any part of it. 

9. If equals are added to unequals, the results are unequal 
in the same sense. 

10. If equals are subtracted from unequals, the remainders 
are unequal in the same sense, 

11. If unequals are subtracted from equals, the results aie 
unequal in the opposite sense. 

12. If of three magnitudes the first is greater than the sec- 
ond, and the second is greater thaai the third, then the first is 
greater than the third. 

224. If two sides of a triangle ai'e unequal, the angles 
opposite are unequal, and the greater angle is opposite the 
greater side. 

225. If two angles of a triangle are unequal, the sides opposite 
are unequal, and the greater side is opposite the greater angle. 

227. Of all lines that can be drawn from a given point to a 
given line, the perpendicular is the shortest. 

238. In any triangle the sum of two sides is greater than 
the third side. 

232. If two triangles have two sides of the one equal 
respectively to two sides of the other, but the third side of 
the first greater than the third side of the second, then the 
angle opposite the third side of the first is gi'eater thari the 
angle opposite the third side of the second. 
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xvi SOLID GEOMETliY" 

233, Of two straight lines dra.-wn from the same point in a 
pei-pendiculai' to a given line and cutting off on the line un- 
equal aegments from the foot of the perpendicular, tho more 
remote is the greater. 

239. All points in the perpendicular bisector of a line ai'e 
equidistant from the extremities of the line ; and, conversely, 
all points equidistant from the extremities of a line lie in the 
perpendicular bisector. 

240. All points in the bisector of an angle are equidistant 
from the sides of the angle ; and, conversely, all points equidis- 
tant from the aides of an angle lie in the bisector of the angle. 

241-242. The perpendicular bisectors of the sides of a triangle 
meet in a point equidistant from the vertices of the triangle. 

This point is called the circumcenter of the triangle. 

245~~246. The bisectors of the angles of a triangle are concur- 
rent in a point equidistant from the three sides. 

This point ia called the incenter of the triangle. 

247-248. The medians of a triangle are concurrent in a, point 
which ia two thirds of the distance from each vertex to the 
middle of the opposite side. 

This point is called the centroid of the triang-le. 

249-250. The altitudes of a triangle are concurrent in a point 
called the orthocenter of the triangle. 

251. Preliminaey Propositions on Circles : 

A circle can be drawn about any given point as a center, 
with a radius equal to any given line. 

Kadii of the same circle are equal. 

Circles which have equal radii are equal. 

In the same circle or in equal circles : 
Equal central angles intercept equal ares. 
Equal arcs are intercepted by equal central angles. 
Equal chords subtend equal arcs. 
Equal arcs are subtended by equal chords. 
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JlEfERKKCES TO PLAXE GEOMETRY xvii 

A centi-al angle is measured by its intercepted aic. 

In the same circle or in equal circles the greater central 
angle intercepts the greater arc, and the greater arc is inter- 
cepted by the greater central angle. 

A diameter of a circle bisects the circle, 

252. A diameter perpendicular to a chord bisects the chord 
and the area subtended by it 

264. In the same circle or in equal circles equal chords are 
equally distant from the center ; and, conversely, chords equally 
distant from the center are equal. 

270. A straight line perpendicular to a radius at its exti-em- 
ity is a tangent to the circle. 

275. The tangents drawn to a circle from an extenial i>oint 
are equal, and make equal angles with the line joining tliat 
point to the center. 

280. If two circles intersect each otlier, the line of centers is 
perpendicular to their common chord at its middle point. 

286. An angle inscribed in a semicircle is a right angle. 

294. The locus of a point satisfying a given condition is the 
figure containiug all the points that fulfill the given condition 
(or answer the given description), and no other points. 



295, EuLB FOR SOLVING Locus I 

1. Locate a number of points which satisfy the given con- 
dition, and thus obtain a notion of what the locus is. 

2. Prove that every point satisfying the given condition lies 
in the assumed locus. 

3. Prove that every point of the assumed locus satisfies the 
given condition. 

321. EuNDAMESTAL PKiifCii'j.K OF Arf.as. Tlie area of a 
rectangle is equal to the product of its l)ase and altitude. 
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xviii SOLID GEOMETRY 

322. Two lectangles ai'e to each other as the products of 
their bases aiid altitudes. 

326. The area of a right triangle is equal to one half the 
product of its legs. 

327. The area of a kite (rhombus, square) is equal to one 
half the product of its diagonals. 

328. The area of a parallelogram is equal to the product of 
its base and altitude. 

329. Two parallelograms are to each other as the products 
of their bases and altitudes. 

333. The ai'ea of a triangle is equal to half the product of 
its base and altitude. 

334. If T and 7" are the areas of two triangles with bases h 
and 6', and altitudes h and h', then 

(2) p = I [* = '•':. w '■ - '"['' = '•■■ 6 = *■]■ 

335. The area of a ti*apezoid is equal to half the product of 
its altitude and the sum of its bases. 

336. The area of a trapezoid is equal to the product of its 
altitude and mid-line. 

337. If two triangles have an angle of one equal to an angle 
of the other, their areas are to each other as the products of 
the sides including the equal angles. 

344. In a right triangle the square on the liypot^nuse is 
equal to the sum of the squares on the legs. 

358. In every proportion the prodrrct of the extremes is 
equal to the product of the means. 

359. The mean pi-oportional between two numbers is equal 
to the square root of their product. 
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360. If the product of a pair of numbers equals tlie product 
of a second pair, the four numbers will be in proportion when 
written in any order that makes one pair the extremes and the 
other pair the means, 

361. In a series of equal ratios the sum of the antecedents 
is to the sum of tlie consequents as any antecedent is to its 
consequent. 

363. If four niunbers are in proportion, they are in propor- 
tion by alternation ; that is, the iirst term is to the third term 
as the second is to the fourth. 

363. If four numbers ai-e in praportion, they are in propor- 
tion by inversion ; that is, the second tenn is to the first as the 
fourth is to the third. 

364. If four numbers ai-e in proportion, they are in propor- 
tion by addition ; that is, the sum of the first two terms is to 
the second term as the sum of the last two terms is to the 
fourth term, 

365. If four numbers ai'e in proportion, they are in propor- 
tion by subtraction ; that is, the difference of the first two 
terms is to the second term as the difference of the last two 
terms is to the fourth term. 

370. Similar polygons are polygons which have their angles 
respectively equal and their homologous sides proportional. 

373. If a line is di-awn through two sides of a triangle, par- 
allel to the third side, it divides those sides proportionally. 

379. If two triangles have the angles of one equal respec- 
tively to the angles of the other, the triangles are similar. 

386. If two triangles liave an angle of one equal to an angle 
of the other, and the including sides propoi-tional, the triangles 
are similar. 

389. If two triangles have their sides respectively propor- 
tional, they are similar. 
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391, The homologoiLs altitudes of two siinilai' triangles have 
the same ratio aa any two homologous sides. 

393-394. If ill a right triangle a perpendicular is let fall 
from the vertex of the right angle upon the hypotenuse : 

The perpendicular is the mean proportional between the seg- 
ments of the hypotenuse. 

Either leg is the mean proportional between the whole hypot- 
enuse and the adjacent segment. 

412. If two polygons are similar-, they are composed of the 
same number of triangles, similar each to each and similarly 
placed. 

415. The perimeters of two similar' polygons are to each 
other as any two homologous sides, 

416. The areas of two similar polygons are to each other as 
the squares of any two homologous sides. 

431. A polygon that is both equiangular and equilateral is 
called a regular polygon. 

A polygon whose sides arc diords of a circle is nailed an 
inscribed polygon. 

A. polygon whose sides are tangent to a eii'cle is called a 
circumscribed polygon. 

436. The area of a regiilar polygon is equal to half the prod- 
uct of its apothem and its perimeter. 

463. The circumference of a cii'cle equals 2 ttc. 

464. The length of an ai'C of n degrees is -~ X 2 tit. 

465. The area of a circle equals tti'^. 

468. The area of a sector whose oentral angle contains 



469. The area of a sector is equal to one half tlie product of 
its radius and its are. 



y Google 



EEFERENCES TO PLANE GEOMETRY xxi 

476. Limit of a Variable. When tlie auccessive values 
of a variable approach a certain constant number so that the 
difference between the constant and the variable becomes and 
remains less than any assigned positive number, however small, 
then the constant is called the limit of the variable. 

485. The apothem of a regular inscribed polygon approaches 
the radius when the- number of sides is indeiinitely increased, 
and the limit of the ratio of the apothem and radius is unity. 

487. The circumference of a circle is the common limit ap- 
proached by the perimeters of a regular inscribed polygon and 
the similar regular circumBCi-ibed polygon, as the number of 
sides is continually increased. 

488. The area of a circle is the common limit approached by 
the areas of these polygons. 

489. If the vai'iable x approaches the limit a, and if c is a 
constant, the product ex will approach the limit ca. 

490. Two circumferences have the same ratio as their radii. 
495. The areas of two circles are to each other as the squares 

of their radii or of their diameters. 



499. Origin of Solid Geometry. It is claimed by ancient 
writers that geometry originated through surveying. This 
refers, of course, more especially to plane geometry. There can 
be little doubt, however, that the study of three-dimensional 
figures likewise arose from practical activities. Among these 
may be mentioned the building of houses, temple, monuments, 
embankments and canals, the making of household implements, 
pottery, furniture, jewelry, and ,the construction of wells and 
granaries. 

It is true that the beginnings of these arts antedate all 
record. But the practice of uncivilized tribes of our own day 
suggests that primitive man was led by the natural resources 
at his command to imitate those solids which he found most 
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useful for his pucposes, and to invent new forms when lie found 
none that suited him. This ia especially true in building. The 
mountaineer needs a shelter different from that of the prairie 
dweller. The Hottentot, as well as the Eskimo, builds a 
hemispherical hut, the Indian erects a conical tepee, while the 
forest dweller constructs a round or a rectangular stockade 
with ilat or sloping roof. And with the desire for more per- 
manent buildings came the shaping of stones and of bricks, 
which gradually assumed the present rectangular form. 

Thus at an early date man became pi-actically familiar with 
the shapes and with some of the properties of the principal 
geometric solids — spheres, -cylinders, cones, pyramids, rec- 
tangular solids, and prisms. It is known that the Egyptians 
had methods of determining the contents of wells and grana- 
ries. These " rules of thumb " were replaced at a much later 
date by a scientific mode of procedure. 

500. Value of Solid Geometry, The world in which we live 
constantly presents to our attention a multitude of mate- 
rial objects of infinitely varied forms. Careful examination, 
however, reveals the fact that certain fonns occur very fre- 
quently, and that others appear as approximations to these. A 
knowledge of these fundamental forms, therefore, is sufficient 
for all ordinary purposes and is most desirable as a basis for 
further study. Thus we readily observe the underlying rectan- 
gular form of houses, rooms, boxes, desks ; the cylindrical form 
of pipes, wires, coins, towers, chimneys ; the spherical form of 
balls, globes, domes — to mention only a few familiar examples. 
Nature exhibits the same forms in endless combinations and 
in beautiful symmetry, from the cylindrical form of a corn- 
stalk and the wonderful regularity of numerous crystals to the 
spherical shape of the heavenly bodies. 

A weU-developed spa«e intuition and an acquaintance with 
the principles of solid geometry are, moreover, of prime impor- 
tance in drawing, mechanics, engineering, architecture, crys- 
tallography, astronomy, and optics. 
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501. Nature of Solid Geometry. All tlu- tit, u^ f plane 
gfiometry are supposed to lie in a plane oi fl^t 6Uitat,e Solid 
geometiy is coneeiiied with the piopertiea of hguies all. of 
whose points do not lie in the same plane These figures are 
sometimes called three-dimenaional figures ficin thp f<wit that 
we associate with the most familiai solids ideas of length, 
breadth, and thickness oi height 

503. Theie aie two difficulties which eonfiont tJie beginner 
in solid geometry. The first has to do with forming a mental 
image of a three-dimensional figure ; the second with its repre- 
sentation on a flat surface, like the blackboard or a page of the 
notebook, and with interpreting correctly such a figure when 
it is already drawn or merely described in the text. To assist 
in overcoming these difficulties, the following cxeroisea, infor- 
mal in character, will give some practice 
in constructing and di'awing solids and 
in understanding three-dimensional relar 
tions. The formal demonstrations of the 
underlying principles will be given later 
(Book VI). 

503. Models. Por a proper grasp of 
the principles of solid geometry the 
construction of models of a few simple 
solids is desirable. Cardboard models 
are easily made and will serve for ordi- 
nary purposes. A wire model of a solid is useful when it is 
necessary to point out lines lying in the interior of the solid. 
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504. Model of a Cube. On a piece of cardboard, or stiff paper draw 
the figure on tlie preceding p^e, consisting of six congruent squares. 
Make the sides of the squares about three inches long. By 
using the square a as a base, and hy folding the squares 
b, c, d, e, about the sides of the square a, the square / can be 
brought directly over a, thus forming a bounded solid called 
a cube. (That such a solid exists, and that the squares will 
actually fit together, is assumed for the present.) 

505. When a three-dimeiiisioiial figure is represented by a 
drawing on a plane surface, not all of its parts (edgBS and 
bounding siu'faces) appear in their 

original form and size. 

If a wire model of a cube is placed 
Isetween a bright light and a screen, 
a shadow of the model will appear 
on the screen. It will then be noted 
that some of the bounding surfaces 
of the cube appear as parallelograms 
or trapezoids instead of squares, and 
that not all of the edges appear as 
of equal length. 

506. The picture on a plane surface of what is in reality a 
three-dimensioned figure is called a projection of tha.t figure. The 
form of the projection of a solid 

depends not only on the shape of 
the solid, but also on the position 
of the solid with reference to the 
plane on which it is projected, and 
on the direction of the projecting 
rays. 

507. A satisfactory projection 
(caEled a cabinet pr/yeetion) of a 
cube can be madeas follows: Draw 
a square BCGF equal to one face 

of the cube. Through the vertices of this square, and making 
angles BCD and FGH each 45°, draw the four parallel lines 
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CD, GH, BA, and FE, each hali' the length of one aide of the 
square. Join in succession the extremities of these lines, form- 
ing a second square. It will be noted that the cube is supposed 
to be placed so that one face is parallel to the plane of the paper. 
Points on the surface or in the interior of the cube can then 
be determined in the drawing by reference to the vertices. 

508. The den ntrt sf Idg ometry must be based 
to a large extent n th f pi g metry. In plane geom- 
etiy, however, 11 tl e 1 nt t th figures considered are 
situated in one pi n 1 il n Id geometry this is not the 
case. By overlo k ng tl nj tant I tinction one may easily 
be led to wrong conclusions. Thus, m plane geometry two.lines 
that do not meet are parallel (by definition of parallel lines). 
In solid geometry there are lines which do not meet, however 
far they ai'e extended, and yet they are not pajallel. Such lines 
are called skew lines. Examples of skew lines may be found by 
selecting certain edges of the ceiling and the floor of a room. 

Before applying any theorem from, plane geometry, therefore, 
to a three-dimensional figure, it is necessary to determine whether 
the elements to which the theorem is applied are in the same plane. 

509. Certain of the relations of lines and planes in space are 
so fundamental in character that any consideration of solid 
figures is dependent upon them. In the introductory exercises 
which follow they may be taken for granted. Their logical 
sequence is considered in the beginning of Book Vl. 

1. Tioo intersecting straight lines determine a, plane. 

That JB, they lie In a plane, and there is only one plane which contains 
them both. 

2. A line joining any two points in a plane lies wholly in the 
plane. 

3. A line and a point not on the line determine a plane. 

4. Three points not on the same line determine a plane. 

5. Two parallel lines determine a plane. 
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6. If two planes cut each other, their intersection is a straight 

7. If two lines are parallel to a third line in space, they are 
parallel to each other (§ 624), 

The truth of all tliese Btatements is readily illustrated by very simple 
methods. Thus, statement 6 could be inferred from the folding of a sheet 
of paper. 

510. The introductory esercises given in the folio-wing pages 
need not necessarily he completed before beginning Book VI, 
but may be taken along with the propositions of that book. 
Their main purpose ia not the cultivation of logical accuracy, 
but rather the interpretation and visualizing of thi'ee-dimen- 
sional figures. In each case, however, there should be a definite 
understanding as to what is assumed in the proof. 



A. The Cubk 

1. Each of the bounding siniares (§ 507) of a cube ia called a face. 
How many faces has a ciibe ? How many vertices? How maay edges? 

2. A diagonal of any one of the bounding squares is called a 
surface diagonal. Inthefigure,^7J is a surface diagonal. How many 
such diagonals has a cnbe ? 

3. A line joining two op]X)Kite 
vertices is called an interior diayonal. 
In the figure, DF is an interior 
diagonal. How many such higonah 
has a cube ? 

4. Any angle of one of the faces 
is called a face angle. Identify the 
faceangles^I»H,-DCB,^i'i^ How 
many face angles has a cube ? 

5 A dihedral angle is a figuie 
formed b\ two pUnes mcetin, in 

a Imp and not extending beyond the line Tl us thp ] Hue of the 
squaips EG and HC fonu a dihedial aii„le It is usually denoted 
bynntmg the letteii of the edj,e foimed b> the tv i plaiiea Letween 
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two other letters, one from ea«h plane. Identify the following dihe- 
dral angles : B-HD-C, C-BF-E, A-BF-0. How many dihedral angles 
has a cube ? 

6. A line joining the centers of two opposite faces, such as OP, 
is called a mid-line. How many mid-lines has a cube? 

7. A trihedral angle is a figure formed by three rays having a 
common origin and aot lying in a plaae. Thus, in the cube the 
three edges meeting at H form the trihedral angle H-DEG. Identify 
the trihedral angles A-BDE, C-BDG. How many trihedral angles 
has a cube ? wo 

8. Two diagonally opposite edges 
of a cube, such as BF and HD, are 
parallel. (Why ?) They determine 
a plane (why?) which outs two 
other faces in straight lines, form- 
ing a figure called a diagonal section. 
How many diagonal sections has a 

9. Prove that the quadrilateral 
BDHF is a parallelogram. 

10, Prove that O BDHF is a ret 
Then A ^Ci^ is equilateral. (Why?) I>raw ^"0. 1h>:v.F0XAC. 
(Why?) Let a be the length of AB. Determine the length of AO, 
AF,FO. Then prove that FO^ = BO^ -f BF^) 

11. Prove that the diagonal sec- 
tions of a cube are ton^ruent 

18. Prove that the intenoi diago 
nals of a cub? are equal j 

13. Prove that the interior diago- 
nals of a cube meet in a pmnt \s hich. 
is equidistant from the vertices ot 
the cube. 

14. A sphere is a solid bounded by 
a surface all points of which are 
equally distant from a point within 

eaUed the center. Show that all the vertices of a cube lie on the sur- 
face of a sphere. This sphere is said to be circtiniscribea about the cube. 




AC, AF, FC. 
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15. The quadrilateral KLMN, iti the figure, is constructed by join- 
ing in succession the mid-points of four parallel edges of the cube. 
It is called a inid-seetion of the cube. How many mid-sections does a 
cube have? Draw the figure. 

16. Provethat^LjlfJViBascitiare. 
(If we assume the truth of g 509, 

KL is parallel to MN, etc.) 

17. ThesidesofZffiVilf are per- 
pendicular to the edge DH at N. 
The angle KNM is called the plane 
angle of the dihedral angle A-DH-G, 
and is said to measure the opening 
of the dihedral angle, since two 
dihedral angles whose plane angles "^ " 

are equal can be proved equal by superposition. The relation between 
a dihedral angle and its plane angle is illastrated in opening a book or 
a door. If the plane angle is a right angle, the dihedral angle is a 
right dihedral angle. How many right dihedral angles has a cube? 
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a cube are congruent. 

le are equal. (See Ex. 6. Draw 



18. Prove that the mid-si 

19. Prove that the mid-I in 
two mid-sections of the cube. The mid-lines of these mid-sections 
are also the mid-lines of the cube.) 

20. Prove that the mid-lines of a 
cube meet in a point. 

The point in which the mid- 
lines of the cube meet is the center 
of the sphere, which will later be 
defined as inscribed in the cube. 

21. Draw aD the mid-sections of a 
cube. How many cubes are formed ? 

28. Draw all the interior diago- 
nals of a cube. The cube is now s 
called pyramids. Describe one of these pyramids. 

23. If the length of the edge of a cube is e, what is the length of 
a surface diagonal ? of an interior diagonal ? What is the area of a 
mid-seotion ? of a diagonal section? of tlie surface of the rube? of 
the surface of one of the pyramids described in Ex. 32 ? 
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E. The Octahedbon 
J4. Draw the mid-lineB of a cube. Join the extremities of these 



y solid, called a regular 
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mid-liaes. These lines are the edges of a 
octahedron, that is, an 8-faced solid. How 
many edgea has a regular octahedron? 
How many vertices ? How many dihedral 
angles? 

25. From the exercises on the cube, 
given above, it is evident that the quadri- 
lateral ABCD, in the figure, is a square, 
and that OE equals OA. These relations 
make it possible to draw a regular ootar 
hedron without first drawing the c. 
scribed cuhe. li AC — ^ in., draw the octahedron. Take BD, in the 
drawing, one half its actual length, and at an angle of 45° with AC- 

26. A polyheclral angle is a figure formed 
by three or more rays having a common 
origin, no three of the rays lying in a plane. 
A polyhedral angle is called trihedral, teti-a- 
hedral, etc., according as it is formed by 
three rays, four rays, etc. What sort of 
polyhedral angles has a regular octahedron, 
and how many? 

27 Pro^e that the fice>: of a regular 
octahedrcu are equilateral triangles. How 
face angle? 

28 The figure shows how a model of a regular optahedroi 
be made The triangles are all equilateral. 

29 The square -iBC D m the figure for 
Ex 2^ 11 called a diagonal section of the 
octahedron How many such sections has 
a regular octahedr n ? 

30 If the lenfth of an el^e of a cube 
IS ' what IS the arei of ne fate of the 
inscribed legular ootohe ii on ■* What is t 
"(ection of the ootahedion ' 
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31. Show that the diagonals AC, BD, aad EFot the regular octa- 
hedron (flgore, Ex. 26) are equal, and that they meet at a point How 
is this point located with reference to the Yertiees of the octahedron ? 
Show that a sphere can he ciicnniscrihed about a regular octahedron 
(.«,Ex.U). 

32. If K and L are the mid-points of AB 
and CD respectively, EKFL is a mid-section 
of the octahedron. Why is EKFL a plane 
figure ? How many mid-sections has a 
regular octahedron? 

33. Prove that a mid-section of a regular 
octahedron is a rhombus. 

34. The angle ELF is the plane angle ■'*' 

of the dihedral angle B-CD-F. Consti'uct the Ai'Fi, if EF= 2 in., 
and measure £ ELF with a protractor {or determine ite value by 
trigonometry). 

35. Find the area of a mid-section of a regular octahedron if the 
length of an interior diagonal, such as EF, is e. ' 

C. The Tetbahedkon 

36. Draw a cube. From one of the vertices, as H, draw the three 
surface diagonals meeting at that point. Join the other extremities 
of these diagonals. These lines are 

the edges of a new solid A CHF, 
called a regular lelrahedron, or 4- 
faced solid. How many edges has 
a regular tetrahedron ? How many 
vertices 'I 

37. Prove that the faces of a 
regular tetrahedron are eciuiiateral 
triangles. How many degrees in. 
each face angle? 

38. The figure (p. 385) shows 
how a model of a regular tetra- 
hedron may be made. An equilateral triangle is divided into four 
equilateral triangles. The triangles fi, e, d, can be folded about the 
sides of the triangle a so as to inclose a solid. 
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39. Find the total area of a regular tetrahedron of edge a ; i 
the regular tetraliedron. of Ex. 36 i£ tlie edge of the cube is 

40. The mid-section of a regular tetra- 
hedron is determined by one edge and 
the mid-point of the diagonally opposite 
edge. What kind of figure is it V 
How many mid-sections has a regular 
tetrahedron ? 

41. If the edge of a regular tetra- 
hedron is a, find (a) the area of the 
mid-section, (b) the altitude on one 
of the mid-section, (c) the segments of that 
leg made by the altitude. 

48. Through what point in the base of the 
tetrahedron does the altitude of the mid- 
section paas? 

43. Show that when two mid-sections inteiv 
sect, the line of intersection is an altitude. 

44. Prove that two altitudes on the legs of a mid-section divide each 
other in the ratio of one to three. (See § 247.) 

45. Show that the point of intersection of 
two altitudes of a mid-section is equidistant 
from the vertices of the tetrahedron. Find the 
radius of the sphere circumscribed about a 
regular tetrahedron of edge a. 

511. A polyhedron is a solid bounded by planes. Theintersec- 
tions of the planes are called the edges ; the polygons bounded by 
the edges, the faces ; the vertices of the faces, the vertices; and 
the angles of the faces, the face angles of the polyhedron. The 
planes of any two faces meeting at an edge form a dihedral angle. 
If a polyhedron lies entirely on the same side of the plane 
of every one of its iaoes, it is said to be convex ; otherwise it is 
said to be coneave. (Throughout this text the word "polyhedron" 
will mean a convex solid,) 

518. A regular polyhedron is one whose faces are congruent 
regular polygons, the same number meeting at each vertex. 
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The Eesulae Solids 

1. Show ttat tlie cube, the octahedron iuacribed in the cube 
(Ex, 24, p. 333), and the tetrahedron inscribed in the cube (Ex. 36, 
p. 334) are regular solids, according to § 512. 

2. It is known from plane geometry that the number of regular 
polygons is unlimited. The nnmber of regular convex polyhedrons, 
however, is narrowly limited, as will appear 




Suppose that from a point O in a plane 
sheet of paper an indefinite number of rays 
are drawn, forming & set of plane angles 
whose sum is 360°, Imagine the paper to 
be folded along each one of the rays. Then, 
if it be desired to form from the paper a 
polyhedral angle about 0, it will be neces- 
sary to bring two of the rays into coincidence, thus sacrificing a 
part of the angular magnitude about 0. This simple experiment 
will sutBciently illustrate the important fact q 

that the sum of the face angles ahotit any ver- 
tex of a convex polyhedron is less Ihan 360". 
What is the sum of the face angles at any 
vertex of a cube? of a regular tetrahedron ? 
of a regular octahedron ? 

3 It is now possible to set a limit to the number of possible reg- 
ular convex polyhedrons Since the lounding tices must be regular 
polygons, this number will depend upon the number of congruent 
legular polygons that can be made to meet at a ■vertex without 
violating the principle stated la Ex 2 

If equilateial tnangleg be chosen is hounding surfaces we may 
have three, four, or flvfi at each vertex, but no more (Why ?) What 
solid has three equilateral triangles at each vertex? four? 

If there are five triangles at each vertex, it will require 20 faces 
to complete a regular solid. It is called a regular icosahedron. 

4. If the hounding faces are squares, we may have three at ea<ih 
vertex, but no more. (Why?) What regular solid can be madeV 
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5. If the bounding faces are regular pentagons, we may have 
three at each vertex, but no more. (Why?) It can be shown that it 
will require twelve bonnding surfaces to complete the solid. It is 
called tke regular dodecahedron. 

6. Show that no other regular polygons except the live mentioned 
above can be used to form a regular convex polyhedron. 



HOTB These Bve regular Bolids have been called the Platowut bodies 
imce their piopeities aie known to haie interested Plato "nd his fol 
lowers althou£,h these solid? had also been studied by the Pythagorean 



The simpler ones appear in the lawi 
laws IS to the effect that a given sub 
stance alwayb ciystallizeh m 
in which the angles between 
spending faces of two ciystals are 
the same though the faces may not 
be of the ^ame size Thus the legu 
lar octJiedion i& the basis of the 
crystalline form iBsumed by 
nunerals such as magnetic Iron 
copper platinum and gold and 
crystals of these feubstanoes are found in 
by plining down one ur moie ut the fices 

The illustiation on the opposite j.^^e is made fi 
crystal The cue on the extii.) le right is 



cryifallOoraphy One of these 




forms whii,h (,an be made 
of a legulii (jctahedron 

photnttrap h of 
of the regular t tahedral type 




7. The diagrams indicate how models of the regular dodeca- 
hedron and of the regular icosahedron may be constructed. Make 
each edge of the solids about two inches. 
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8. Complete tlie following table, wliicli 
properties of tlie five regular solids. 



TABLE or REGULAR SOLIDS 



K„. 


of faces 


^ 


each vertex 


o£™gl 


^":^:r 


,.^"r.L 


Cube 


^ 


Square 











9. A theorem of solid geometry, wHohie dae to the great Swiss 
mathematician Euler, reads as follows ; In any polyhedron, the num- 
ber of edges is equal to tlie sum of the number of faces and the 
number of vertices, less two. Show that tlie solids studied thus far 
obey this law. 

10, A theorem vshich le'sults from Euler s theorem (Ex S) re^* Is 
The sum of the face anglei Df any polyhedron is equal to foui iight 
angles taken as many times 1 ss two as the pclyhedton has vertices 
Show that the polyhedinn tudied 
tlius far obey this law 

513. Curved Surfaces 111 of the 
solids hitherto considered ha\ e l>eeii 
bounded by plan^. Put many ta 
miliai- solids, such as the spheie the 
cylinder, and the cone, aie bounded 
by surfaces all of ■which are not plane 
Such sui-faces are called curved surfaces 
If a line-segment moi es m any direc- 
tion, while one of its extiemitie'' lem-uns 
fixed, the other extiemity lies ilways on i spher 
ical surface. If a line le^olve'i about an mteisect 
ing oblique line as an i\is it will be found to be 
always on a conical surface of revolution If a line 
revolves about a par tllel line as 
cylindrical surface of revolution 




VI 11 be on a 
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LISES AND PLAKES IN HPACE 
PRBLIMINAEY ASSUMPTIONS AND PkOPOSITIONS 

514. A plane is imlimited in extent. 

The portion of a plane under considei'ation is usually represented aa 
a. parallelogram (or trapezoid). A plane may be designated by a capital 
letter, as F, Q, etc., written, within the parallelogram (or trapezoid), 

515. A line joining any two points 
the plane. 

516. Through a given line an indefinite 
nwnber of planes may he passed. 

517. Two intersecting lines detei-m,ine a, 
plane. 

518. A line and a, point not on the 
line determine a plane. 

519. Three points not on the same 
line determine a plane. 

520. If two planes have one poiTii i 
, they have also another point i 




■ If two planes cut each other, their 
a straight line. 

U they have one common point, they must have another (§ 530), and 
the straight line joinii^ these two points must l!e in both (§ 616). There 
can be no common point not on this line, for with the line it would 
determine one plane only {§ 518), instead of two. 

522. Two parallel lines determine ajylane. / / 

They must lie in one plane, by the definition of 
parallel lines {% 170), There can be only one plane containing both, since 
two such planes would intersect in two lines, which is impossible (§ 521). 
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1. How does a mason teet the flataess of a plastered surface ? 
3. Wliy is a three-legged stool always steady? 

3. Liaes are drawn from a given poiflt to points on a given line. 
What can be asserted of all these lines ? 

4. Howmay three points be placed so as not to determine a plane? 

5. What plane figures are determined by three points that deter- 
mine, plane? 

6. If three lines pass through the same point, but do not lie in 
the same plane, how many planes do they determine? four such 
lines? five? n? 

7. How many lines are determined by three" mutually intersects 
ing planes which do not pass through the same bne ? by four such 
planes, no three of which pass through the same line? five? n? 

8. How many planes are determined by four points not in the 
same plane, no three of which lie on the same line ? by five, no four 
of which lie in the same plane, and no three on the same line ? 

9. The formula for the number of planes determined by n points 
under the conditions of Ex. 8 is |- n (w — 1) (n — 2). Test the answers 
to Ex. 8 by this foimula and lind the number ot pi ines dpteiniined 
by six such points , se\ en 

10. Two-line segments aie skew to each ether (^ 508) How 
many planes are detprmined by their Pnd points? Howmanvhne?? 
What solid figure ? 

11. A " skew quidnlateral consists of fom lines which join m 
succession four points not all m the same plane It a tiad iBCD 
is partially folded along 1 diagonal, the _^ 

edges form a skew quidiilateral In the ''"^^ 

figure, ABCD is a skew quadnlatenl ^^ -T^— jj^--^r-^ 

and A C and BD are its di igonil Sh ~ ~= n \ 

that the diagonals of a skew qu-^dii \ 

lateral cannot intersect 

12. The path ot the earth around the sun is elliptical and that 
of the moon around the earth is elliptical 4re the planei of the 
two orbits coinudent? Are they intersecting or paiaUeH Cive a 
reason for your mswei Im pd en the fipqupnc\ of trtil pclipae 
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Proposition I. Theorem 

523. Three mutually interaeeti'ng planes not passing through 
the same line determine three lines, which either meet in a point 
or are parallel eaeh to each. 





Given the three mutually intersecting planes P, Q, and R. 

To prove that P, Q, and K determine three lines which eithm- 
meet in anoint or are parallel. 

Proof. 1. Let P and Q, meet R iii the lines b and c respec- 
tively, and let P and Q meet eacli other in the line a. 

Then b sind c either meet in a point, or are parallel. § 170 

2. Suppose that b and c meet in the point O. 
Then must lie in P, and also in Q. 

3. Hence must lie on tt, the intersection of P and Q. % 521 
That is, a, b, and c meet in a point, 

4. Suppose b II c. Then a, cannot meet b, for if it did, e would 
meet b in the same point. 

5. But a and b lie in P, and hence a II b. 

6. In like manner a II c. 

That ia, a, b, and c are parallel. 

624, CoROLiARY. Two lines parallel to a third line are 
parallel to each other. 

Given (t II to 6, and c II to 6 ; to prove a 11 to c. 

Since a II 6, they determine a plana P ; since c II b, they determine a 
plane B. Let Jlf be a point in a, and let M and c determine the plane Q. 
Then Q meets P in a line d, which is II to 6 and also to c (^ 523). This 
line must coinoido with a, since a and d are hoth II to 6, and pass through 
M (Parallel Axiom, § 174). Hence a II c. 
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Proposition II. Theoebm 

52S, If two lines are parallel, any plane c 
these lines and only one cannot meet the other line. 



7 



Given two parallel lines a and b, and the plane P containing b, 
but not a. 

To prose that P does not meet a. 

Proof, 1. Let a and 6 determine a plane Q. 

2. If a ijoidd meet P, their point of intersection would lie in Q. 
This point would therefore lie in b, the intei'seetion of P and Q. 

3. But this is impossible. 

(Since tt II 6 by liypotbesis.) 
Hence P does not meet a. 

526, A line is parallel to a plane when the line and the plane 
do not meet, no matter how far they ai'e produced. 

To draw ttrough a given point a line parallel to a giveii plane, draw 
it parallel to any line in the plane {§ 173). 

To pass through a given point a plane parallel to a given line, pass 
it through a line which is parallel to the given line. 

527. CoKOLLAHT 1. If a line is 
parallel to a plane, it is parallel 
to the intersection of that plane 
with any plane through the line. 

It a li P, and if Q, a plane pa^ed 
through a, interseota P in 6, then a cannot 
meet P. But a and b lie in Q. Hence a II 
plane and do not meet. 



7 



t 6, otherwise it would 
ice they lie in the same 
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parallel to the intersection 
of the planes. 



J 



628. CoaoLLABY 2. If a line i 
of two planes, it is parallel to eaci 

529. CoKOLLAKY 3, If a line 
is parallel to a plane, the line 
which passes through a point in 
the plane and is parallel to the ^ 
given Itne lies in the plane. " ' 

Since thi"? line must coincide with tlie intersection of the given plane 
with the plane determined by the given line and tie point (Parallel 
Aslom) (See figure of § 527.) 

530 CoHOLLAEY 4. A line parallel to each of two intersect- 
ing planes ts parallel to their intersection. 

Since a line through a point in the intersection, and parallel to the 
given hne, must lie in tioth planes (§ 52S), and must therefore be their 



531 CoKOLLARY 5. Through a -^ 

parallel to a given, skew line, and / ^ I 

only one 

If a 18 skew to 6, through any point in 6 draw c II to a. Then b and c 
determine a plane F (g 517), which is parallel to a {§ 625). 

There is no other plane through 6 parallel to a, for if there were such 
a plane, the intersection 6 of the two planes would be parallel to o (§530). 
But 6 is Bkew to a. So there is no second plane through 6 parallel to. a. 



532. CoKOLLAKY 6. Through a given.point 

passed parallel to each of two given 

skew lines, and only one. 

If a is stew to b, through the given 
point Jf draw d II to o, and c II to 6. Then 
d and c determine a plane P, which is 
parallel to a and ft. (Why?) 

If there were two such planes, thuy 
would intersect in a line which would 
be parallel to a (why?) and also to 6. 
parallel (why?), which ii 



,.jda,. 
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Pkoposition hi. Theokem 

533. If two irdersectiTiff lines are each parallel to a plane, 
the plane of those lines will not intersect the given plane. 



i^ 



Given the intersecting lines a and b, each parallel to the plane P; 
and Q, the plane of a and b. 

To prove that Q. does not intersect P. 

Proof. 1. If Q. did intersect P, the intersection would be a 
line (§ 521) whieli woiild be parallel to a {§ 627) and in like . 
manner also to S. 

2. But tbis is impossible {Parallel Axiom). 
Hence Q does not meet P. 

534. Two planes are parallel when they do not intersect, no 
matter bow far tbey are produced. 

535. CoEOLiABY 1. Through a 
given poimi to pass a plane parallel 
to a given plane. 

Draw two intersecting lines tlirough 
the point, each parallel to the ^ven 
plane (§ 626). 

536. CoROLLAKY 2. The intersee- 
tions of t^vo parallel planes by a third plane are parallel lines. 

id 6 cannot meet, foi' oUierwiae P and Q would 
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537. CoEOLLARY 3. Through c 



I be I 



to i 



•.plar 



« point only one plat 



If there were two suet planes, then a fourth plane could, be passed 
through the given point, cutting the other three planes so as to determine 
three lines of intersection, two of which, 
paaang through the given point, would 
he parallel to the third {§ 538), whicla is 




538. CoROLLAJiT 4. Parallel lines 
ineluded between parallel planes are 



The lines determine a third plane, 
■which intersects the given planes in parallel lines (§ 5ii6), forming a 
parallelogram (g 196) whose opposite sides are equal (§ £01). 



1. Wliatis the shape of the seotioa made by a slanting cut at;ross 
a plank? 

a. What is the position of a pencil relative to the table when it is 
parallel to its shadow on the table ? 

3. Each edge of a cube is parallel to how many faces? to how 
many diagonal sections? to how many edges? (See Ex. 8, p. 331.) 

4. Three planes are each parallel to a 
given line. Describe their relative posi- 
tions (a) if they pass through the same 
point; (b) if they do not. 

5. Lines are drawn from a given point, 
M, so as to intersect two parallel planes, 
P and Q. These lines determine planes. 
What (.an be sinl of the mterspctions ot 
these planes with the planes P and U I 
What can be said of the segments ot the hnfi? (§ 372.) 

;, 6 Piive that it two [lann are i iLh i iiallel 
l^line tl --^ aie j ^i iUel to eich othei 




rrrr^ 



tlie I 
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Proposition IV. Theorem 

539. If two angles, not in the same plane, have their sides 
respectively parallel and lying on the same side of the line Join- 
ing their vertices, they are equal, and their planes arepardllel. 



n^J 



Given the angles ABC and DEB in the planes P and Q respec- 
tively, with BA parallel to EB, and BC parallel to EF, each pair of 
rays lying on the same side of the line BE. 

Toprom that Z.ABC = /.DEF, and that P II Q. 



Proof. 1. 

2. Then 

3. Hence 



Take BA = ED, and BC = EF. 
Dra-w CF, AD, AC, and DF. 
AE is & parallelogram, 
BF ii 



Why? 
Why? 



i equal and parallel to BE, 
d CF is equaJ and parallel to BE. 

Therefore AD is equal and parallel to CF. Ax. 1 and § 524 
4. Henoe ADFC is a paiallelogi'aTn, Why ? 



AC =^ DF. 



Why? 



§533 

Note. It in tacitly assumed that the five triangle cougniencea {§§ 133, 
134, 142, 165, 16fi) of plane geometry are true when the triangles are in 
differenf planes. This foHows from the axiom of superposition (p. 74, Plane 
Geometi7,Remarfe), which is not limited to asinfjle plane in its appilcatinn. 



5. 


.-. /lABC —ADEF, 


and 


/.ABC = /-DEF. 


6. Also 


AB II Q, and BC II Q 




.-. P [1 Q. 



y Google 



PARALLEL LINES AND PLANES 347 

Pko POSITION V. Theorem 

540. If two lines are cut iy three parallel plaiiee, their 
corresponding segmerds are p7~oportional. 



17 



S57 



Given the parallel planes P, Q, and J?, intersecting two straight 
lines at A, S, C, and D, E, F, respectively. 

To prove that AB : EC ^ BE : EF. 

Proof. 1. Draw AF, and pass a plane thioagh AC and AF, 
'intersecting the planes Q, and R in BG and C J" respectively. 

2. Then CF II BG. Why? 

3. Tn like maimer, if a plane is passed through A F and DF., 

GE li AD. 

i. Hence AB-.BC = AG-.GF, Why? 

and DE:EF = AG: GF. Why ? 

Hence AB:BC = DE: EF. Ax. 1 

541. CoKOLLAKT 1. If two Straight lines are eut by four or 
wiore parallel planes, the corresponding segments of the lines 
are proportinnal. 

542. CoROLLAKY 2. If two interseoting limes are cut by two 
parallel planes neither of which passes through their point of 
intersection, the corresponding seg-ments are proportionaL 

(A third parallel plane may be passed through the point of iwtersectiou.) 
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543. Projection. The piotui-e or outline of a three-dimensional 
figure on a plane is called a projectioa of this figure. Eays from 
a common origin ai'c supposed to pass through the detecmining 
points of the solid and then to be intercepted by a plane, thus 
producing the picture. The plane is called the plane of projec- 
tion (or screen), the rays are called projecting rays, and their 
origin is called the center of projection. 

544. If the center of projection is moved very fai' away, the 
rays become very neai'ly parallel. When the rays are parallel 
it is customary to speak of parallel projection, as distinguished 
from central projection. 

A shadow produced by the rays of the sun will serve to illustrate par- 
allel projection, while a shadow produced by an accessible source of 
light, such as an arc light, furnishes an example of central projection, 

. In section 545 and the exercises following ve shall consider 
parallel projection only. The projecting rays are supposed not 
to be parallel to the screen. 

545. Principles of Parallel Projection, The projection of a 
solid depends not only on the form of the solid, but also on the 
position of the plane on which the projection is to be taken, 
and on the direction of the projecting rays. It is therefore 
desirable to establish certain conven- 
tions in regard to the direction of tlie 
projecting rays. 

In the figure let AB represent a yertioal rod 
and BG its shadow on a horizontal p 
screen. If BD is a fixed, horizontal line, the 
angle CBD (i^cc) may assume an indefinite , 
number of yalues, and the length of BG may 
vary indefinitely. For practical reasons the Zi^^ is usually taken as 30°, 
450, or 60=, and the ratio of BC to AB is taken as I ; 3, 1 : 3, and 2 : 3 
respectively. Thus, if Zx is 45°, make BG equal to ^AB, These values, 
"45''and half-length," are characteristic of "cabinet projection "(§507), 
On page 349 it is proved that BC is a straight line. 



F 

: /''~r / 
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PARALLEL PIIOJECTION 

The following principles of parallel projection a 
follow directly from the precedirxg propositions: 

The pryeotion of a point is the point in which 
its projeetlng ray intersects the screen. 

The projection of a straight line (or a line- 
segment') is a straight line (or a line-seipnent), 
unless the line is parallel to the projecting 
rays, in which case the projection is a point. 

Suggestion. The projection of the line AB is the loons of Uio projec- 
tions of its points {% 543). The projecting ray of anj point on AB will 
Ue in tie plane of the projecting rays of A and B (Parallel Axiom). 



A^: 




If a line-segment is parallel to the sei 
equal and parallel to it. (Why?) 

T?i6 projection of a triangle whose pla 
screen is a congruent triangle. (Why ?) 





The projection of a jjlMne figure whose plane is parallel 
to the scre&ib is^ a figure congruent to the original (§ 144). 
The prtyectioTia of parall^ lines are also parallel. (Why?) 



y Google 



SOLID GEOMETltV— BOOK VI 





1. In tte figure let OXZ represent a wall of thp racitatioTi room, 
and let OX Frepreaent the floor. Let ABCD be the outline of a door 
of the room. Imagine the rays of the sun to 
outline on the floor a picture of this open- 
ing, namely, A'B'CD. Take Zx as 45°, and 
locate A' and B' by taking A'D eqaal to 
^ AD, and B'C equal to J BC. 

2. Draw a parallel projection on a hori- 
zontal plane of an equilateral triangle which 
is situated in a vertical plane, one of its sides lymg 
in the horizontal plane. 

(Draw the altitude AD and determuie A ai> in 
Bs. 1. Then dA'BG is the required prujection.) 

3. Draw a projection on a horizontal jilane of 
a square which is situated in a vertical plane, 
one of its vertices lying in the horizontal plane 
and one of the diagonals heing vertical. 

(Draw AE and OF perpendicular to OX and 
locate A', B', G\ in the usual way. Observe that 
A'C is equal and parallel to AC Why P) 

4. Draw a projection on a horizontal plane 
of a regular hexagon, one of its aides lying in 
the horizontal plane. 

5. The last figure on this p^e shows how a 
projection on a horizontal plane of a circle may 
be obtained approximately, one diameter being 
perpendicular to the horizontal plane. Circum- 
scribe a square about the circle. Divide the 
diameter SF into a convenient number of 
equal parts. Through the points of division 
draw lines parallel to AD and BC. The inter- 
sections of these parallels with the circumfer- 
ence can easily be projected- In this way the 
projection of the circle may be determined 
approximately. This projection of a circle is 
called an ellipse. j 
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PEliPENDIOULA.Il LINES AND PLANES 

Piioi'OSiTioN Vl. Theorem 

S46. If a straight line is perpendicular to eaok of two straight 

lines in a plane, at their point of intersection, it is perpen- 

dicular to any line lying in the plane and passing through the 

point of intersection. 



4 



Given AB perpendicular to BC and BD in the plane P, and BE 
any other line through B and lying in P. 

To prove that AB±BE. 

Proof. (Outline) 1. Draw CD, cutting BC, BE, and BD in 
C, E, and D, respectively. Produce AB its own length to F. 
Draw AC, AD, AE, FC, FD, FE. 

2. Then AABC =AFBC (why?) and AC^FC. 

3. Also AABD =AFBD (why?) and AD=FD. 

4. Hence AACD=AFCD (why?) w\.&AACE =/.FCE. 

5. Then AJCS s AFCS (why?) and ^E =FJe. 

6. Hence AABE ~AFBE (why?) and /LABE=Z.FBE. 

.-. ABl^BE. Why? 

547. A line is perpendicular to a plane when it is perpendicular 
to all lines in the plane drawn through its foot. In that case, 
also, the plane is said to be perpendicular to the line. 

548. A line is oblique to a plane when it intersects the plane 
but is not perpendicular to it. 
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Provosition VII. Theorem 
549. All the perpendieuJarB that can be drawn to a given 
line at a given point He in a plane perpendicular to the line 
at the given point. 




Given b, any line perpendicular to the line a at the point M, and 
the plane P also perpendicular to a at M. 

To prove that h lies in P. 

Proof. 1. Pass a plane Q through a and b ; then Q intersects 
P in a line f/. 

2. Then « X h'. 

3. But c±b. 



5. Hence 



.■. b coincides with h' 
b lies ill P. 
any other line J_ to a at Af li 

550. CoROLLABT. Through a given point 
one and only one plane can he passed p^- 
p&ndieular to et given line. 

If the given point 3f ia without the pven line a, 
from Jlf draw 6 _L to o. At the foot of 6, but not 
in the plane of a and 6, draw c ± to a ; then 6 and 
c determine the required plane P. If M is on a, 
two Js to a at M determine the required plane. 

.If there were two such planes, a third plane 
could be passed through the given line, cutting 
these two planes bo as to determine two lines i. to the aan 
same plane, at, or from, the same point, which is impoasihli 
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Peoposition VIIL Theorem 
551, Through a given point one and only mte line can be 
drawn perpendicular to a given plane. 




7 



Given the plane P and the point M. 

To prove that one and only one line ean be di-aivn th.rovgh M 
perpendicular to P. 

Proof. Case I. When M is not in P. 

1. In P draw a line ft. Through M pass a plane Q ± to a 
(§ 550), intersecting P in h. In Q draw c ± to 5 through M. 
In P, at the foot of c, draw d II to a, and in Q, at its intersection 
with a, dra\ir e II to c. 

2. Then Acd = Z.ae. § 539 

3. But Z fte is a right angle. § 547 

.■. Zc(? is a right angle. 

4. Also c X S. Cona. 

.-. el. P. §546 

5. If there were two such, -k, they would both be ± to the 
intersection of their plane with P, which is impossible. 

Case II. When Mis in P. 

Proof. In P draw a line a, not passing through M. 
(Complete as in Case I.) 

552. CoBOLLAEY. The perpendicular is the shortest line from 
a point to a plane. 

553. The distance of a point from a plane is the length of the 
perpendicular from the point to the plane. 



y Google 



354 SOLID G-EOMETHY— BOOK VI 

Proposition IX. Theorem 

554. Oblique lines drawn from a point i 
to a plane and aatting off equal diBtances from the foot of the 
perpendievlar are equal ; and of two such lines cutting off unr 
equal distmices the one cutting off- the greater distance is the 
greater; and conversely, equal oblique lines cut off equal dis- 
tances from the foot of the perpendicular, and of two unequal 
oblique lines the greater line cuts off the greater 




(a) Given AB perpendicular to the plane P at B, the lines BC 
and BD equal, and BE greater tJian BC. 

To prove that AC = AD, and AE >AC. 

Proof. (OutliQe). 1. AABC = AABB. Why? 

.-. AC = AD. 
2. Take BF = BC. Draw A F. 

Then AE>AF. S 233 

But AF=AC. .■.AE>AC. 

(b) Given AB perpendicular to the plane P at B, AC and AD 
equal, and AE greater than AC. 

To prove that BC - BD, and BE > BC. 
Piwf. (Outline). 1. AABC = AATW. .-.BC^BD. Why? 
2. BE is neither equal to BC nor less tlian BC. Why? 

/. BE > BC. 
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pBOPOsmoN X, Theorem 

555. If <me of two parallel lines is perpendicular to a plane, 
the other is aim ; and oonversely, two lines perpenditmlar to the 
sarme plane are parallel. 



(a) Given the parallel lines a and b, with the line a perpendiculai 
the plane P. 



1 P ; and thiongh 

§■539 
Hyp. 



Toprovethat b ± P. 

Proof. 1. Through the foot, of a draw i: 
the foot of b draw d II to c. 

2. Then Zae^Z.bd. 

8. Bub a. X c. 

4. .-. b ± d. 

5. In like manner, we may prove b perpendicular to /, 
another l™i„ p. .^ ^ ^ ^^ ^^,^^, 

(b) Given the lines a and b, each _L to the plane P. 

To prove that a II S. 

Proof. 1. Through the foot of b draw b' 11 to (t. 



2. Then 


S'J-P. 


Why? 


3. But 


5±P. 


Hyp. 


4. 


.'. 6 coincictes with h', 


Why? 
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Proposition XI, Theokem 
556. A straight line perpendicular to one of two j 
planes is perpendicular to the other; and conversely/, two 
planes perpendiculur to the sam/i line are parnUel. 



/ / 


/ 1 / 




/ ' ^ / 


/ / 



(a) Givea the line a perpendicular to the plane P, and P parallel 
to the plaae Q. 



Proof. 1. Through a pass the plane R, intersecting F in the 
line 6 and Q in the line c. 

2. Then fi li e. Why ? 

3. But a X h. Hyp. 

.■. ffl J.C. "Why? 

4. In like manner, by passing another plane S through a, 
intersecting P in the lino d and. Q in the line e, it can bo proved 
that a is perpendicular to another line e in Q. 

.-. al.Q. Why:^ 

(b) Given the planes P and Q each perpendicular to the line a. 

To prove that P li Q. 

Proof. P and Q. cannot meet, for if they did, they would be 
perpendicular to the same line from the same point. But thia 
is impossible (§ 550). 
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657. The distance between two parallel planes is the length 
of the segment of a common perpendicular cut off between 
the two planes. 



■e everifwhere equally 



558. Corollary. Tvio^u.volUlflo.i 
distant (§ 638). 

559. Measure of a Dihedral Angle. A dihedral angle (p. 330) 
is a figure formed by two planes meeting in a line, called the 
edge of the dihedral angle, and not extending beyond the line. 

The planes forming a dihedi-al angle are called the faces of 
the dihedral angle. 

The magnitude of a dihedral angle is determined in the same 
manner as that of a plane angle, namely, by the amount of 
revolntion of a plane about the edge of the angle from one face 
of the angle to the other. A complete revolution will bring the 
plane ba 1.. to its starting point, and this amount of angular mag 
nitude mi} lie tsXen as a standiid with which othei dihedral 
angles miy be compaied. 

Notation A dihedrll an^le is 
designated by the planes TiMch 
lorm its faces as the dihedral 
angle PQ oi by the line which 
forms itB edRp, and one point fn 
e'lcli of its two faces, aa the diht 
dral ^ngle A-BC D 

560 Adjacent dihedral angles, equal dihedral angles, right 
dihedral angles, vertical dihedral angles, alternate interior dihedral 
angles, etc., may be defined by conditions simiUi to those toi 
the corresponding cases in plane angles. (See 
Plane Geometry, §§ 25, 26, 40, 168.) 

561. The plane angle of a dihedral angle is 
the angle formed by two lines, one in each Li— — Q^^ 
face, each perpendicular to the edge of the dihedral angle at 
the same point. 

Any two plane angles of a dihedral angle are equal (§ 539). 
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Proposition XII. Theorem 

563, Two dihedral angles are equal if their plane 
ire equal; and converseli/, equal dihedral angles 
qual plane angles. 





(a) Given that angle ABC is the plane angle of the dihedral 
angle PQ, and that angle A'B'C is the plane angle of the dihedral 
angle P'Q'; and that the angles ABC and A'B'C are equal, 

Toprove that dihedral Z.PQ — dihedral AP'Q'. 
Proof. 1. Place the dihedral ZPQ upon the dihedral Z P'Q' 
so that AABC and /.A'B'C coincide. 

2. Then the edges of the dihedral angles will coincide. Why? 

3. .-. P coincides "with P', and Q with Q'. Why? 
.-. dihedral APQ, = dihedral ZP'Q'. 

(b) Given that angle ABC is the plane angle of the dihedral 
angle PQ, and that angle A'B'C is the plane angle of the dihedral 
angle P'Q'; and that the dihedral anglea PQ and P'Q' are equal. 

Toprove that Z.ABC =ZA'B'C". 

Proof. 1. Plaue the dihedral ZPQ upon the dihedral ZP'Q' 
so that they coincide and point B falls on point B'. 

2. Then AB coincides with A 'P.', and CB with C'B'. Why ? 
.-. Z. ABC ^ /A'B'C. 
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563. Taking any iimltiple of a diLedraJ aiiglo involves 
taking an equimultiple of its plane angle; and taking any 
Pactional psut of a dihedral angle involves taking the same 
fractional part of its plane angle ; therefore, 

A dihedral angle is measured by its plane angle. 

For example, a dihedral angle whose plane angle is a right angle ia 
a right dihedral angle, etc. Hence the plane angle may be called the 

564, Perpendicular Planes. Eacii of the planes forming a 
right dihedral angle is said to be perpendicular to the other 
plane. 

565. Many properties of dihedral angles are established by 
methods precisely similar to those employed in the cases of the 
corresponding properties of plane angles. The theorems which 
arise may for the most part be accepted without formal demon- 
stration, or they may be treated as exercises. It should be 
noted, however, that to the parallel axiom of plane geometry 
there corresponds a theorem (§ 537) relating to planes, which 
is not assumed but proved. 

Some of these theorems are as follows ; 

(a) When one plane intersects another, the adjacent dUiedral 
i the vertical dihedral angles are 



(b) Jf ttoo parallel plaries are out hy a third plane, the alter- 
nate-interior dihedral angles are eqtud; the alternate-exterior 
d/ihedral angles are equal; the interior dihedral angles on the 
same side of the cutting plane are supplementary, amd the ex- 
terior dihedral angles on the samie side are supplementary. 

(c) Two dihedral angles whose faces are respectively parallel 
are either equal or supj^lementary. 

(d) A plane peipendieular to o-ne of two parallel plariM is 
perpendicular to the other. 

(e) Two planes perpendimilar to the same plane are parallel 
if their lines of intersection with that plane are parallel. 
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pROPosmox XIII. Theokem 

566. If a line is perpendicular to a plane, every plane 
passed through the line is jjei-pendinular to the given plane. 




Given the line a perpendicular to the plane P at M, and Q any 
plane containing a. 

To prove that Q Xl\ 

Proof. 1. lu the plane P, tliroug-li M, the foot of a, draw 
± tob, the intersection of P and Q. 

2. Then aXb, Why? 
and Z ae is the measure of the dihedral Z7^Q. § 563 

3. Hence a ± c. Why? 

,-. Q X P. Why? 

567. CoROLLARV 1. Through a given point to pass a plane 
pmpendioular to a given plane. 

Through the point draw aline ± to the given plane (§ 551). Then any 
plane through this line is perpendicular ta the given plane. 

568. CoKOLLAKY 2. A plane perpendicular to the edge of a 
dihedral angle is perpendioular to the faces. 

EXERCISES 

1. If three lines from a common point are mutually perpendic- 
ular, what can be proved regarding the planes determined by the 
Hnes? 

2. Prove that a line and a plane which are both perpendicular ta 
the same line are parallel. 
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Peopobitios XIV. Theorem 

569. If two planes are perpendicular to each other, a line 
in one of them perpendicular to their intersection is perpen- 
dicular to the other. 



y 



Given the plane P perpendicular to the plane Q, intersecting Q 
in the line a; and the line b in P perpendicular to a. 
To prove that b ± Q. 

Proof, 1. In Q, through the foot of b, draw c l.toa. 

2. Then Z bo is a right angle. 

(Being the measure of a right dihedral angle.) 
That is, b ±G. 

3, But I) ± a. Hyp. 

,-. /i _L Q. Why? 

570. CoEOLLABT 1. If tico planes are perpendicular to each 
other, a line perpendicular to one of them at any point in their 
interaeetion lies in the other. 

(Prove by the indirect method.) 

571. CoKOLLARY 2, If two planes are perpendicular to each 
other, a line perpendicular to one of them from any point in 
the other lies in the other. 

EXERCISES 

1. Are two lines perpendicular to the same line in spaj^e neoes- 
aarily parallel ? 

2. Show how, with a ten-foot pole, compasses, and a ruler, to find 
a point on 'the floor directly beneath a point on a nine-foot ceiling. 
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Proposition XV. Theokem 

572. If two intersecting planes are each perpendimtlar to a 
third plane, tketr interseotion is perpendicular to that plane. 




Given the planes P and Q, each perpendicular to the plane R, 
and intersecting in the line a. 

To prove that a A. Ji. 

Proof, 1. From any point in a draw a' X to the plane R. 

2. Then a' lies in P, and also in Q. § 571 

3. .'.a' is the intersection of P and Q. 

4. Hence a' coincides with a, and a S. R. 

573. The foregoing theorem may be stated : A platie perpen- 
dicular to each of two intersecting planes is peiyendv:ular to 
their interseetion ; that is, a plane perpendicular to the faces of 
a dihedral angle is p&rpendieidar to the edge. 



1. Three pairs of parallel plaijes mutually intersect ao as to enclose 
a space. What may be said of the lines thus determined? of tlie 
plane figures thus determined ? Prove your answers. 

2. If a right angle ia rotated about one side as an axis, what does 
the other side generate ? 

3. If three or more planes intersect Ju parallel lines, what may be 
said of a plane perpendicular to one of the lines? Prove your answer. 

4. How does a carpenter determine the number of degrees between 
two adjoining walls of a room by tlie use of a bevel and a protractor? 
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Pkoposition XVI. Theorem 

574. Through a given line oblique or parallel to a plane one 
and only one plane can be passed perpendicular to the given 




Given the line a oblique or parallel to the plane P. 

To prove that one plane o/ml onlij one can be passed through 



Proof. 1. From any point in a witliout tlie plane J' di'aw a. 
line 6 ± to P. 

2. Then a and b determine a plane Q. 

3. .-. Q±P. §566 

4. If there were tMO --ulIi phnes, Q and Q^, they -would 
intei-sect in a, which wonid then be _L to P. § 572 

But a is oWique oi paii,llel to P. Hyp. 

Hence there is only one swU jline 

575. The orthogonal projection of a poiiit on a plane is the foot 
of a perpendicular let fall oo the plane from the point. 

576, The orthogonal projection on a plane of an oblique or a 
parallel line is the intersection of the plane with & perpend l/iular 
plane passed through the line. 
Evidently this projection is a 
straight line. (§ 521.) 

Thus CD is the orthogonal pro- / 

jeotion of AB on the plane P. /p 

The orthogonal projection of a Hue-segment Is the locus of 
the projections of its points. (§571.) 
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Pkoposition XVII. Theorem 

577. The acute angle formed iy a line and its orthogonal 
projection upon a. plane is tlie least angle which the line makes 
with any line in the plane. 



y 



Given AC, the projectiott of the line AB upon the plane P, and 
AD any other line drawn through A in P. 
To prove tluit Z RA C <ZBAD. 

Proof. 1. Take AB^AC. I! 

2. In the A ^SC and ABD 

AB is common. 



V BD. 



AC = AD, 

BC < BTj. 

. ZBAC <Z.BAD. 



and BC < BD. Why? 

§232 

578. The angle between a line and a plane is the angle between 
the line (produced if necessary) and its orthogonal projection 
on the plane. 



1. Theorem. If a line meets its ortiiogonal ]irojeotloii on a plane, 
a line in the plane perpendicidai- to one of them at their point of 
intersection is perpendicular to the other ^ 



Suggestion. From the point of 
at AB aiiditsprojection J.C,lajoff AD = AE 
on DE which is given ± \x, AB, and com- 

2. A line tfln inches long makes an angle of 30° (43°, 
with a plane. Find the length of the orthogonal projectio: 



g'-g^y^/ 
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Proposition XV III. Theorem 

S79. Every point in a plane bisecting a dihedral angle 
is equidistant from the fares of the angle ; and conversely, 
ekery point eqmdistant from the fai'ts of a dihedral angle 
lies in the plane that bisects it. 




(si) Giyen A, any point in the plane R which bisects the dihedral 
angle PQ. 

To prove that A is equidistant from 1' and Q. 

Proof. 1. From A let fall AB and A C X to P and Q respec- 
tively (§ 551). Let AB and AC determine the plane S, -whicli 
intersects P, Q, a.nd R in BS, DC, and DA respectively. Let ED 
be the edge of the dihedi-al angle PQ. 

2. Then S X P and i" _L Q. Why? 

3. -■. S ±DE. Why? 

4. Hence DE is perpendicular to DB, DC, and DA. 
That is, /.BDA is the measure of the dihedral angle PA', 

and Z. CDA is the meaanre of the dihedral angle QR. 

5. Also AB ± BD and AC ± CD. "Why? 

6. Then AABD =AACJ>. Why? 
From which .!B =^ AC. 

That is, A is equidistant from P and Q. 

((Jonverse proof to be completed.) 
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Pkoposition XIX. Theorem 

580, Between two skew lines one and only o 
perpendicular can be drawn. 



Given the skew linea a and b. 

To prove that one and only one common pei-pencUcular can be 
drawn between a and h. 

Proof. 1. Through b pass a plane P II to « (§ 531), Thi'oagh a 
pass a plane Q X to P {§ 574), intei'secting P in c. Lines b and 
c muet intersect. (Why?) Gall their point of intersection M. 
In Q and through M draw d ±.to c. 

2. Then « II c, Why? 
and dj.a. Why? 

3. Also d _L ;'. Why? 

4. .-. d±h. "Why? 
That is, d is the common perpendiculai' required. 

5. Suppose there were another common perpendicular d'. 
Then in P and through the point of intersection of d' and b 
draw e II to a. 

6. Then d' would he X to e, "Why? 
and d' woidd be J_ to P. Why? 

7. Hence d' would lie in Q, Why? 
and d' would meet h at M. Why? 

8. Hence d' would coincide with d. Why ? 
That is, d is the only common perpendicular, 

581. CoEOLLAKY. The common pevpendiculo,r is the shortest 
line that can be drawn befiveen ttvo skew lines. 
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REVIEW EXERCISES 

1. If P, Q, and R are plaaes, a, b, and c, lines, and K and L, poin 
draw conclusions from the following hypotheses ; 

(1) a intersects b in K and c in i, 6 and c lie in P. 

(2) a\\h,a lies in P, b lies in Q, P intersects Q in rf. 
(8) P II Q, j; cuts P in a, and Q in i. 
(4) a II 6, 6 II e. (5) q II 6, ft II P. 

(6) a II P, iC lies in P, K lies on b, b II a. 

(7) o II P, a lies in Q, Q cuts P in b. 

(8) a is skew tob, c\\ a,d II 6, c intersects d in /f, e and d lie in 

(9) a II P and Q, P iatersects Q in 6. 

(10) a lies iu both P and Q, K lies in both P and Q. 

(11) a II ft, e 11 d, a intersects c in A'', 6 intersects d in L. 

(12) a i- ft and e at JT, 6 and c lie in P. 

(13) a±Pa,tK,aXbatK. (15) a ± P, 6 ± P. 

(14) a ± P, a II 6. (16) a±P,a lies in Q. 

(17) P± Q and intersects Q in c, a lies lu P, « ± c. 

(18) P J. Q and intersects Qiac,a±Qs.tK, K lies in c. 

(15) P X 0, a -L Q from K, K liea in P. 

(20) P X Q, P ± iJ, Q cuts i? in a. 

(21) P X Q, a J. Q. 

2. A road is to be built from 
^ to J5 as shown on the accom- 
panying topographic map. The 
curved contour lines indicate 
elevations at intervals of 50 ft 
The scale is one-eighth inch to I 
the mile. Draw a proiile view 
of the road, showing the actual 
elevations to scale. Compute 
the length of the road. Where 
is the grade greatest? 

3. On a map the horizontal 
distance of a mountain top A 
from a point B in the valley is found to be 7 miles. The elevations 
of A and B alwve sea level are respectively 5000 ft. and 2000 ft. 
Consti'uet the "air line" AB and compui* its length. 
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the third 
mechanical drawing. In the following problema 



COORDINATES IK SPACE 

582. The position of a point in space can he determined by 
reference to three planes, each perpendicular to the other two. 

One of these planes is usually regarded as horizontal, and the other two 
as vertical. These three planes divide all space ^ 

about their intersection point into eight parts, 
which are called solid angles, or simply angles. 
These angles are generally numbered aa follows 

Upper, right, front, — first angle, I in figure. 

Upper, right, rear, — second angle, II in figure 

Lower, right, rear, — third angle. III in figure. 

Lower, right, front, — fourth angle, 

The first angle is generally used in geometric probli 
angle is often used 
the first angle is us 

583. The point of intersection of the three planes is called 
the origin. 

The floor and two adjacent walls of a rectangular room may be used 
to illustrate the location of points In space. 

584. Coordinates of a Point. In locating a point the planes of 
reference are called coordinate planes, and their intersections 
axes of coordinates. These axes are known 
as the X-, Y-, and Z- axes, as shown in the 
figure. (See Plane Geometiy, p. 177.) 

To locate a point P, whose coordinates are 
5, 7, and 9, measure these distances along the 
X-, Y-, and Z- axes respectively, and pass through 
each point thus determined a plane perpendic- 
ular to the as:is on which the point lies. The 
intersection point of these planes will be the 

The coordinates of a point may have neg- 
ative values if distances on the X-, J"-, and 
Z- axes are assumed negative when laid oft on 
the axes produced through the origin. 

Thus, in the figure, the point P has the 
coBrdinates 4, 3, — I ; the point Q has the coordinates — 1, 4, 2. Explain 
how these points are located with reference to the coordinate planes. 




r, — f;/ 
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PLAN AKi) ELEVATION" 369 

585. Plan and Elevation, Given a point in the first angle 
and its orthogonal projection on each of the coordinate planes. 
Suppose that the XT-plane and the 

y^-plane are each revolved through 
an angle of 90° so that the three 
coSrdinate planes form one plane. 
The horizontal projection of a point 
is then called its plan, and the two 
vertical projections are called the 
front and side elevations of the point. 

Thus, in the figure, P,, Pj, Pg are respec- 
tively the front elevation, the plan, and the 
side elevation of the point P(4, 2, 5). 

586. The plan and elevations of aline- 
segment are determined by the projec- 
tions of its end-points, (See figure.) 
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Describe the position of each of the points mth the following coordinates : 

1. (1, 2, 3). 4. (0, 0, 3). 

2. (3, 5, 5). 5. (- 1, 3, 4). 

3. (0, i, i). 6. (2, -i,- 0). 

7. (-2,-3,-'!). 

8. Show how to apply the theorem 
of Pythagoras to find the distances of the 
points in Ess. 1-7 from the origin. 

9. How are the lines joining Pj, P^ and Pp P^, in the figure for 
§ 585, situated with reference to the axes ? 

10. Show how, when two of the projections of a point are given, 
the third can be determined by construction. 

11. Locate on a drawing, as in g 585, the projections of tlie, points 
mentioned in Ess. 1-3. 

12. Draw, as in § 586, the projections of the line-segment join- 
ing the points (1, 2, S) and (4, 5, 6) ; of the line-segment joining 
(4, i, S) and (2, 2, 3). Find the length of each projection in each case. 
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LOCI IN" SPACE 

587. The locua in space of a point satisfying one or more given 
conditions is the configuration of lines and surfaces contain- 
ing all points in space which satisfy the given condition or 
conditions, and no other points. 

Loci of points are often curvecl surfaces, some of which are not con- 
sidered in elementary geometry. Spherical, conical, and cylindrical sur- 
faces (§ 513), however, frequently appear as loci. 

588. Loci in space are determined and established by the 
same methcMis as plane loci (§ 295). 

For a locus-problem in space it ia not always wise actually to conatruct 
several points on the locus. It is sufBcient in most cases to imagine Bvich 
points constructed, and then proceed aa in plane loci, namely, form an 
idea of the locus, and test this conjecture (1) by showing that all points 
on this locus satisfy the given condition (or conditions), and (2) that all 
points satisfying the given condition (or conditions) lie on this locus. 
The order of steps (1) and (2) may be inverted. 

In many cases a locus in spaee is obtained by the revolution 
of a plane locus about some fixed axis (rotation), in other eases 
by the motion of a plane locus along a fixed path, keeping it 
constantly parallel to its original position (translation). 

In the following exercises formal proof need not bo given. 



1. Sound travels 1100 feet per second in air. If a rocket esplodes 
in the air at an elevation of 1000 feet, what is the locus of points 
above the earth's surface at which tlie explosion can be heard at 
the end of one-half second? 

2. What is the locus of a point in a plane at a given distance from 
a given point ! If this locus is revolved about an axis in the given 
plane through the given point, what surface is generated? 

Theorem I. The loeus in space of a point -T at a given dis- 
tance d fvom, a given point P U the spherical surface whose 
center is P and whose radius is d. 
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EXERCISES 



1. The magnetic efiect of an electi'ic current Jn a wire depends 
upon the distance from the wire of the object affected. What ia the 
locus of points of given field strength ahout a straight wire carrying 
a constant current ? 

2. A piece of wort revolves on a lathe. The edge of the cutting 
tool moves parallel to the axis of revolution of the lathe. What is 
the locus of the point of contact of the tool and the work 7 

3. What is the locus of a point in a plane at a given distance from 
a given line in that plane ? If this locus revolves about the line as 
an axis, what surface does it generate? 

i. Wh.at is the locus of a point in. a plane at a given distance from 
a given point in that plane ? If the plane moves parallel to its origi- 
nal position so that the given point moves along a line perpendicular 
to the plane, what surface does the locus generate ? 

Theorem H. The laeus in space of a point X at a given dis- 
tance dfroni a. given line lis a oylindrieal surfaee of revolution 
whose axis is I and whose radius i>i tl. 

EXERCISES 

1. What is the locus of a point 6 feet from the floor of a room? 
6 feet from the ceiling ? 

2. A steamboat sails on an even keel over the smooth water of a 
bay. What is the locus of the top of its smokestack 1 of the bottom 
of its rudder-shaft? 

3. What is the loens in a plane of a point at a given distance from 
a ^ven line in that plane? If the given line is rotated about an axis 
which lies in the plane and is perpendicular to the given line, what 
surf ajjea are generated by the locus ? If the given line moves along 
a plane peri>endicular to the plane of the locus, what surfaces are 
generated by the loctis? 

Theorem m. The locus in space of a point X at a given dis- 
tance d from a given plane P consists of two plam,es parallel to 
P, 0716 on each side of P and at the distance dfVom it. 
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1. What is the locua of a point midway between the flooi' and 
ceiling of a room? 

2. What is the locus of a point equidistant from two adjacent 
walls of a room' 

3. A book partly open stands on a table. What is tlie locus of 
a point midway between its covers? 

4. What is the locus of a point in a plane equidistant from two 
given parallel lines in that plane? from two given intersecting 
lines in the plane? If in each case by translation the given lines 
generate planes, what surfaces do the loci generate? 

5. What IS the locus of a point in. a plane equidistant from, two 
given points in that plane? If this locus revolves about an axis 
drawn throuj^h the two given points, what surface does it generate? 

6. If the extremities of a rubber band are fastened, what is the 
locus of the mid-point of the band when the latter is stretched, the 
two halves of the band being stretched equal lengths ? 

Theorem IV. The locus in spaee of a point equidistant from 
two given parallel planes is a plam^ parallel to the two given 
planes and midway between them. 

Theorem V. The loous in spaee of a. point equidistant from 
two given int&rseeting planes is the pair of planes bisecting the 
adjacent dihedral angles formed hy the givenjilanes (§ 679). 

Theorem VI, The locus in spaee of a point equidistant 
from two given points is the plane perpendicular to and 
bisecting the line joining the two given points. 

Theorem 711. The locus in space of a point equidistant from 
two given intersecting lines is 
the pair of planes each of 
which is perpendimlar to the 
plane of the lines and passes 
through the''bisector of one of 
the angles formed hy the lines. 

To prove the last theorem, proceed as follows : 

The locus in the plane of the lines is the pair of lines bisecting 
the angles formed by the lines. The loous in space appears to be 
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the pair of planes X to the plane of the lines and passing through the 
bisectOTs of the angles formed by tbe lines. 

Proof. Let a and 6 be the given lines, intersecting at H, and F a plane 
J. to the plane Q o£ tlie lines a and b and cutting Q in a line bisecting 
theanglead. Let .ff be any point in P, Draw Z'iXtoaand -HTMXtoft. 
Through S'i paea a plane J. to o; and through ZAf pass a plane ± toft. 
These planes are each ± to Q (§ 566). Let KN be the intersection of tlie 
two planes, if lying in Q. Then ENX Q (§ 572); also SJV lies in P (§ 571) . 
Draw LN and MN. Then A HLN = A HMN (rt. A h. a.); whence 
AE'EJV=AirJlfS'(B.a.a.), and ITi = .EJlf. Conversely, if S is equi- 
distant from a and 6, and P is passed through E and H± to Q, it can 
be shown that NB, the intersection of P and Q, bisects the angle ab. 
Therefore P is the required locus (g 587). 

Theorem Vlli. The heus in space, of a point equidistant from 
two parallel lines is tliM plane parallel to the lines which is 
perpendicular to their plane and midway between them. 
{Proof similar to the foregoing.) 



1. A right angle revolves about one of its sides as an axis. What 
surface is generated by the locus of a point equidistant from the 
sides of the angle (§ 240)! What ia the locus of a point equidistant 
from a plane and a line perpendicular to the plane? 

2. What is the locus of a point whose distances from a j^lane and 
a line perpendicular to the plane have a fixed ratio? 

3. What is the locus in space of the vertex of aright angle whose 
sides pass through two fixed points (§§ 286, 51S)? 

4. A triangle revolves about one of its sides. What is the locus 
of the opposite vertex ? 

5. What is the locus of a point at a given distance d from a given 
point .<4, and also at a given distance e from a given point B'l 

589. Many problems inTolving loci are not related directly, 
either to plane loci or to particulai theorems of solid geometry, 
but require independent proof. These demonstrations are often 
long and invcived, and may well be given informally. Many 
loci are determined as the intersection of two other locL 



y Google 



SOLID aEOHETEY— BOOK VI 



What is the locus of a paint in space 

1. Equidistant from three given points ? 

2. Equidistant from three given parallel lines which do not lie 
in the same plane? 

3. Equidistant from three given lines intersecting in a point, hut 
not lying in the same plane ? 

4. Equidistant from three given planes which intersect in a point? 

5. Equidistant from three given planes which intersect in paral- 
lel lines ? 

What is the locus of 

6. The mid-poiut of a line joining any point in one of two given 
parallel planes to any point in the other ? 

7. The point which divides in a given ratio the line joining any 
point in one of two parallel planes to any point in the other? 

What is tie loeus in a given plane of a point which is 

8. At a given distance from a given point outside the plane ? 

9. At a given distance from a given parallel line outside the 
pl»n.? 

10. Equidistant from two given points outside the plane? 

11. Equidistant from two given intersecting lines outside the 

What is the locus of a point in space 

IZ. At a given distance d from one, and at a given distance e from 
another, of two given intersecting planes ? 

13. At a given distance from a given point and at a given dis- 
tance e from a given plane 7 

14. Equidistant from two given points and at a given distance 
from a given plane? 

15. Equidistant from two given points and at a given distance 
from a third point? 
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BOOK VII 

rOLYHEDKONS, CYLiNDEBS, CONES 

590. The subject matter of Book VII is the menauration of 
the most comuioii solids. Considerations of area will be followed 
by a study of the principal ^ oluinetiic foiraulis In ^ onnectiou 
with these two main topics it will be necessaij to con&idei the 
plane figures which result when sohda aie cut h\ pHnes 

For convenience of refeience a num\)ei of dehnition'i ].it, 
viously given informally aie lepei-ted 

591. A polyhedron is a h^ hom'-l 1 jhri s 

592. The lines of inb- s( 1 1 n t rli U mi liii;, pi i u s i 
called the edges; the ] iiis rf intrant on i II h l^i- 
the vertices, and tlie p>l\-, i" moS^ 
bounded b^ the edges, th face^ ^^ 
of the poljhadion 

593 4. section of a nlul l•^ 
the pUne figuip formed i n 1 
plane pas'^mg through th su id 

594 ^. prismatic surface is i 

smf ve geneiited by a straight line, e-dled the generatrix, which 
lb supposed to move along the penmetei of a gn en polj gon 
{aa ABC BE), called the directrix, while eonstintly lemaining 
piiallel to 1. fixed straight line not m the plane of the pol> gon 
When the generatiiv moves completed over thp perimeter of 
the diiectrix, the suifice geneiated is a closed prismatic surface 
A pnsmatu surface may ^Iso Idp defined i*; a •;urfacB fuimed by a 
set of pHnea which intersect in smli a wi.^ tint liw line lI mter 
section aie parallel 
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595. A cylindrical surface is a ^ifite genciated I j i sti'ught 
line, called the generatrix, wlueh is supposed to mne o-iei i 

.fixed curve, called the direc- 
trix, while remaining con 
stantly parallel to a ii\ed 
straight line (not in the pi uie 
of the curve, if the cmve is 
plane). If the directrix is i 
closed curve and the generi 
trix moves completely o\ ei it, the suitace ib ,i closed cylindncai 
surface. 

596. The generatrix in any of its positions is called an 
element of the surface it f 




597. A prism is a solid formed when a closed prismatic sur- 
face is out by two parallel planes. 

598. A cylinder is a solid formed when a closed cylindrical 
surface is cut by two parallel planes. 

599. The figures cut on the two pai'allel ])laues in either the 
prism (or the cylinder) ai-e called the bases. 

The faces formed on the prismatic surface are called the 
lateral faces, and the intersections of the lateral faces are called 
the lateral edges. The lateral area of a prism is the sum of the 
areas of the lateral faces. 

The altitude of a prism (or cylinder) is the pcr|ieiidicular 
distance between the bases. 

Note. The pietui-e opposite represents Fingal'a Cave, on the island 
of Staffa (Hebrides, Scotland). Tlie cave is about 280 ft. Jong, 33 ft, wide, 
and 65 ft. high. It is one of the most perfect and beautiful specimens of 
natural architectural phenomena. The walls are formed by basaltic 
columns varying in height from 18 to 38 ft. The columns, mostly hex- 
agonal, are of a regularity so perfect as to Buggest the hand of man. A 
picture like this may serve as a typical instance of the fact that the 
fundamental solids studied in this text are merely idealized forms 
su^ested by natural objects. 
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PRISMS AND CYLINDERS 
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PEELlMINiRY PROPOSITIONS (I) 

600. Ths lat&ral edges of o. prism, (or elements of a cylinder) 
.are equal and parallel. 

"601. The lateral faoes of a prism, a/re parallelograms. 

602. A plane loMeh is perpendurular to one of the lateral 
edges of a prisw,, or to one element of a, cylinder, is perpendicular 
to all the lateral edges or the elmients. 

603. A right section of a prism (or cylinder) is the plane 
figure formed when a plane cuts all the lateral edges of the 
prism (or elements of the cylinder) at right angles. 

604. A light prism (or cylinder) is one whose lateml edges 
(or elements) ai'e perpendicular to the planes of the bases. 

605. An oblique prism (or cylinder) is one whose lateral 
J (or elements) are oblique to the planes of the bases 




Pnsma Classified a 



Bases Pus 



3 lie called t7ian 



gulai , quadranquhu , etc , atcordmt, is their bises iif tiiingles 
quadrilaterals, etc. 

807, Aregularprismisarightpiism 
whose base is a regular' polygon 

608. A circular cylinder is a cybnder 
whose base is a circle. A right ciicu 
lai cylinder may be regarded as gene 

rated by the revolution of a rectangle about oiip side as an 
asis, and is therefore sometimes called a cylinder of revolution 



A 
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609 A parallelepiped is 1 1 iism whose base if 

610 V nght parallelepiped is one whose lateiil edgfs -ne pel 
pendi(,iiULi to the bases A rectangular parallelepiped I'l i right 
parallelepiped whose base is a lettaiyle 

A rei-tangulai piiiUelepiped is 'Jjmetime'. uilled a cuboid 




Paballiilbpifbd 



RicHT Parallelepiped 



611 A cube 1'* a, lectingulai parallelepiped all of whose 
edge'- Me li^uil 

612 A truncated prism (or tiuncated c;^lindpr) is the pirt of 
a 1 n 111 n <\lni 1 L i 'i kl U \, i t i I i i i tion 
mfi If b\ a 111 111 ol^ iiK to t)i I i 




Preliminary Propositions (II) 

613. The section of a circular cylinder formed on the plane 
of two elements is o- parallelogram. 

614. Any lateral edge of a right prism, (or element of a right 
eylindffi-') is equal to the altitude. 

615. Tn a right prism all the lateral faces are rectang/m. 



y Google 



EXERCISES IN DRAWING 



379 



616. If one of the lateral edges of a parallelepiped is perpenr 
dicular to the bases, the solid is a r iff ht parallelepiped. 

617. A parallelepiped is reetangular if the three face angles 
ai any one of its vertices are right angles. 

618. A parallelepiped is bounded by three pairs of parallelo- 
grams, which are sittiated in three pairs of parallel planes. Any 
one of these pairs of parallelograms "may be regarded as the bases 
of the parallelepiped. 

619. The opposite faces of a cuboid are congruent rectangles. 

620. All the faces of a cube are congruent squares. 



Exercise.s 1^8 are introduced to giee practice in sketcMng solids, using 
parallel projection (§ 345). 

1. Suppose a cube to be so placed ttat one of its faces, ABCD,is 
parallel to the plane of projection, which may he regarded as vertical 
{e.g. the blackboard), and that one edge of the cube also is vertical. 
In the projection of th a be tl e ±a«e 
ABCD appears in its or gin^l form a i 
size. Siippose that tip jroje tmg ri^ 
are directed upon the three f ces of tl e 
cabe which meet at H Ihe edges j>e 
pendicular to the blacklo'i d 11 I 
projected on it as eq al parallel 1 a 
AE, BF, C6, and DH whose d rection 
and length depend upon the dueot on 
of the rays, and may therefo e 1 e 
taken arbitrarily (§ * 44) In t! e d a 
AE= lAB. These lal e gi « what 
projection." Draw the fi^ re 

Drain a cuhe. 

2. U&\dng/.B.\K= 5 I g tl e t 1 

3. Making ZIJ.IE^ 60°, and nsing the ratio 2:3. 

4. Using cabinet projection, and supposing the diagonal AC 
be vertical. 




t-^ke _/■ ir = 45°, and 
dually t la "cabinet 
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In exercises SS, use cabinet projection, 

5. Draw a euboid ■whose dimensions are 4, 5, and 6 cm. 

6. Draw ft regular hexagonal prism, the length of a hase edge 
being 1 in. and the altitude being 3 in. (See Ex. i, p. 350.) 

7. Draw a regular IniangTilar prism, the base 
edges being 2 in. long and the altitude being i in. 
(See Ex. 2, p. 850.) 

8. Draw ft right circular cylinder, ttie diameter 
of the base being 2 in. and the ftltitude being i m 
(See Ex. 5, p. 350.) 

9. If a plane is passed through two diagonally 
opposite edges of a parallelepiped, prove that tlie 
is a parallelogram. 

10. In the rectangular parallele- j^'T'^ 

piped EC ot the figure prove that the E|^ — | 

section BFHD is a rectangle. ^i 




leiulting ipptitn 



j|» 



11. Prove that the diagonals of a , 1..-'' 
cuboid are equal. , ^ 

12. Pi'ove that the diagonals of a parallelepiped meet in a point. 

13. Make a model of a cuboid, using convenient dimensions; of a 
regular hex^onal prism, using the dimensions of Ex. 6 ; of a regular 
triangular prism, asing the dimensions of Ex. 7. 

14. On a flat sheet of paper draw a straight line. Place a model 
of a right prism on its side so that one of the base edges coincides 
with this lime and one lateral face rests on the paper. Trace on 
the paper the perimeter of the lateral face of the prism which is in 
contact with the paper. Then revolve the prism about one of the 
lateral edges which is in contact with the paper, and cause the next 
base edge to coincide with the original line. Trace on the paper the 
next lateral face. Repeat this process imtil all the lateral faces have 
been traced on the paper. It will then be found that the resulting 
figure is a i-ectangle. (Why?) Observe that the area of this rectangle 
represents the lateral area of the prism. 

15. Using the method of Ex. 14, draw a rectangle representing 
the lateral area of the prism in Ex. 6 ; of the prism in Ex. 7. 
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"PillSMS 
Pkofosition I. Thboeem 
621. 27te bases of a pnmn are congruent 




AD = base A'D'. 



Why? 

Why? 



Given the prism AD'. 

To prove that bans 

Proof. 1. The quadi'ilateial AB' is a O. 

Heoce AB=A'B'. 

2. Similai'ly, BC = B'C, CD = C'J)', etc. 

3. k]ao, AABC = AA'B'C, ZBCDz^Z.B'C"D', etc. Why? 

4. Therefore base ^i) = base ^^'X*'. 

622. CoKOLLARY 1. Ev0iy section of a prism made by a 
plane parallel to the hose is congruent to the base. 




623. COROLLAET 2. All right sections of a jmsm are cortr 
grtient polygons. 

624. CoBOLiARY 3. .The sections of a prism made hy paral- 
lul planea chitting all the lateral edges o 
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Peo POSIT ION II Theorem 



625. The lateral area of a pnsm ts equal to the product of 
a lateral edge and the j^ei imet^r nf a ii>/hf <ie<ti,on. 




Given the prism AD', with the right section FGUKL, and I the 
lateral area, e a lateral edge, and p the perimeter of the right section. 

To prove that I = ep. 

Proof. (Outline.) 1. Tlie lateral edges may all be denoted by 
the same letter, e. Why ? 

2. The area of each lateral face equals the product of a lat- 
eral edge and a side of the right section. Why? 

3. Hence I = e(FG + GH -\- HK + KL -^ LF). Why? 



686. CoKOLLARY. The lateral 
area of a rlffht prism is equal to 
the product of its altitude and 
eter of its hase. 



In Ike followiny exercises the diitieiixioii.^ refir Id r'ajhl prisinn, iiiii! li 
k the altitude, e a lateral edge, I the lateral area, ami I llie lolal arm. 

1. The edge ol a cube is 4. Find I and '. Find the diagonal of 
a face, and also the interior diagonal of the cube. 

2. The diagonal of a face of a cuhe is VTS. Find e and I. 

3. The diagonal of a cuhe is VSI. Find e and I. 
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i. The total area o£ a cube ia 24. Find e. 

5. If the area of a diagonal section of a tube is V52, find e and ;, 

6. If a, h, and c are the lengths of three concurrent edges of a 
rectangular parallelepiped, find (; And the length of an interior diag- 
onal of the solid. 

7. The dimensions of a rectangular room are 8, 12, and 18 ft. 
Find Z and t. 

8. A house is 30 ft. wide, 40 ft. long, 2'2 ft, high to the roof, 
32 ft. high to the ridgepole. If the honse is to be painted, how many 
square feet must be covered with paint if 400 sq. i%. are deducted 
for windows and doors? 

9. The base of a prism is a right triangle whose logs are 48 and 
55, The altitude is 50. Fiud I and (. 

10. The lateral edge of a triangular prism is 20. Tlie right sec- 
tion is an equilateral triangle of side 8. Find /. 



11. A right prism has a 
Each of the base edges is 2 



■egular hexagon for il 
Find ; and (. 



base, and k ~ 10. 



to be resurfaced, 
feet of surfacing 



12. Tlie base edges of a right triangular pri 
85, and i = 60. Find / and (. 

13. A concrete octagonal pier of height 10 ft. 
If each of the base edges ia 1 ft., how many 
will be required ? 

14. Tlie figure represents a regular h 
nal prism. AB = im. &nd AA'— 8 m. 

(1) the lengths of the lines CA and CF; 

(2) the lengths of CA' and CF'; 

(3) the lateral area of the prism whose 
base is ^BC and lateral edge ^^'; ^^ " 

(4) the lateral area of the prism whose base is ABCF and lateral 
edge A A'; 

(5) the total area of prism ABC-A' and of prism ABCF-F'. 
SuggeHio-n. A FAC is a it. A. (Why?) ACC'A' is a rectangle. 

(Why ?) 




yGoosle 



184 SOLID GEOMETKY^HOOK VII 

PROPOsiTioh III Theokem 
627. The bases of a c^Jindc} me Gonyimnt 




Given the cylinder KM with bases KN and LM. 

To prove that hu 7* \ = hasp T 1/ 

Proof. 1. Let A and B be two hxed points iii tile perinietei' 
of the lower te.se KN; let C be any other point in that perim- 
eter, and let AA', BB' CC be the coi responding elements. 
Draw A^BC and A'BC'. 

2. Then AB^A'B', BC = B'C", CA = C'A\ Why? 

3. ".-. £\ABC sAA'B'C. s.s.s. 

4. Hence, i£ the base KN is placed on the base LI\f so that 
the points A and B coincide with A' and B' respectively, then C 
falls on C In like manuec it can be proved that every point 
in one base will fall on a corresponding point in the other base. 

.■. base KN = bihe LM 

628. CoBOLLARY. Jwji seetion of a cyJmdp) ]ji 11 I f tl t 
base is congruent to the base, 
and any two parallel sections 
cutting all the elemeTtts are 
congruent. 

629. The axis of a circu- 
lai' cylinder is the line joining the centers of tl 1 a^ei 
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tKOPOsmON IV. Theorem 

630 Th'' eUion of i unula? tyhthder made hy a plm 
I ihrouyh an, elemtiit ts a j aaUelogram. 




GlTen ABCD, a section of the circular cylinder AC made by a 
plane passing through the element AD. 

To prove that ABCD is a pandlelogra'ni. 

Proof. 1. Either BC is, or is not, an element. If BC is an 
element, the sectioo ABCD ia a pai'aUelogram (§ 613). If BC is 
not aa element, draw the element BE. 

2. Then AD and BE determine a pliuie section of the cylin- 
der, and this section is a parallelogram. § 613 

3. But this section must coincide with ABCD. § 618 

4. .-. ^^CDis a 




631. CoROLLABY. Emi-ysectbon 
of a right eiixular iiylindei inade 
hy a plane passing thi oti/jh an 
s a rectangle. 



1. Show that the plane passed throiigh any element of a uircular 
cylinder and the center of one base will contain the axis. 

2. Theorem. The ceater of any seetiou of a circular cyiindor 
parallel to the base is on the axis. 



y Google 



386 SOLID Ci-EOMETRV— BOOK VII 

632. Tangent Plane- If a pKiiP tontaiiri an tleiiient of 1 
cylinder, and no other point of it the planp is 'iaid to Ije tangent 
to the cylinder ; the element i& called tho element of contact 

From the nature of the tangent pi uie 
it is evident that ; . 

633. A^lanedetei-mhTiedby uhnethut "ij'l |" 

is tangimt to the base of a circulai cyh>v- i ' 

der and the element nt the point of coTttai t [ ^ 

is tangent to the cylindev. ---TjiiilipP^ 

634 i jAaw uhuh is tangent to a ~ '""" ^* ^ 
cDCular ct/hndfi intetifits the plane of each bai>e m a '•ttaight 
hue u hich is tangent to li 

636 4. pii=«m who=ie literal edges 
aie elements of a cj linder md 
whose bises are inscribed in the 
bases ot the cjlindei is called an 
inscribed pnsm The ( 
that case, is said to be i 
ahout the pi ism, 

636 A pri'im whose literal fioes aie tangent to the lateial 
sulfate of a (} lindei and whose bases aie (iieumsciibed about 
the bases of the <.j linder is 
called a drcumscnbed prism 
The cj linder, m that case, is 
wuAtoh^ivnsnihe I tnthi, pri'ini 

637. Area of a Curved Surface 







In the 



3 the 



areas of plane figures only were 

discussed. It is now necessary 

to consider areas of curved suifdces At this point only the 

lateral surface of a right circular cylinder will be eximmed 

The unit of plane area, the square cannot ha applied t a iiied 
surface. A metliod of approximation tvlU theiafore lie einplnTel as was 
done in the study of tlie circle (Plane Geometrr pp o0')-316) 
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638. Lateral Area of a Right Circular Cylinder. Informal 
Proof. A. rectangular sheet of paper, A BCD, may readily be 
rolled into the lateral surface of a rig'ht cii'culai- cylinder by 
superimposing the edges AD and BC so that A and D fall upon 
B and C respectively. Conversely, the lafceiul surface of a right 
circular cylinder may be " developed " upon a plane if the sur- 
face b(! cut along an element and flattened out into a rectangle. 




Obviously, the lateral area of the cylinder equals the area of 
the rectangle. The sides of the rectangle are respectively equal 
to the altitude and the perimeter of the base of the cylinder. It 
may therefore be inferred that the lateral area of a right 
cylinder is equal to the product of the perimeter of the base 
and the altitude. As applied to a right circular cylinder we 
have the result r 

The lateral area of a right oireular <n/H?ider is equal to the 
prodiict of its altitude and the cirauwference of the base. 



In symbols, if I = late 
I = altitude, 1 = 2 irrh. 



. area, 1 



= radius of the base, 



639. Asecond method of reaching 
the same conclusion is the following : 

Gfiven a right circular cylinder. 
Inscribe in it a regular square prism. _ 
Then inscribe right prisms whose 
baaes are regular polygons of 8, 16, 
32, . ■ ■ , etc. sides. The lateral sur- 
faces of these successive prisms evidently approach nearer 
and nearer to the latei-al surfece of the cylinder, while the 
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perimeters of their bases approach nearer aiid nearer to the cir- 
cumference of the base of the cylinder (Plane Geometry, § 460). 
The altitude of all the prisma is the altitude of the cylinder. 
But the lateral area of each prism is equal to the prodiict of 
ita altitude and the perimeter of its base. Whence it may be 
inferred that the lateral area of the cylinder ia equal to the 
product of ita altitude and the circiimference of its base. 

The same conclusion would be reached if a series of circum- 
scribed prisms had been constructed, 

640. Lateral Area of a Right Circular Cylinder. Formal Proof. Given 



riglit square prism. Bisect 



lircular cylinder. Insci'ilie 
the arcs in the upper and lower 
bases, and eqmplete the inscribed 
right prism whose iDase is a regula.r 
polygon of 8 sides, Coiitlnne this 
process (see figure, § 639), inBorib- 
ing prisms wliose basEis are regular 
polygons of 18, 33, - - . 2" sides. 
In like manner circumscribe a set 
of regular prisms of 4, 8, IS, 32, ■ . . 2» 
sides about the cylinder. 

Let I and V, respectively, denote 
tlie lateral areae of any pair of outer 
let p and p' denote the perimeters of the 
altitude of the cylinders. 

Then I = ph, and I' = p'h. 

Now let tlie number of latera] faces in each set of prisma be ii 

y by the process ]'ust described. Tien p and p' approach a 
n limit c, the circumference of the l>ase of the cylinder. (§487.) 
Hence I and I' approach a common limit ch. (§ 489.) 
These considerations jastify the following . 

Definition. The lateral area of a right circular cylinder is the common 
limit, approached by the lateral areas of inscribed and circumscribed 
regular prisms, as the number of lateral faces of the prisms h 
indefinitely. 




rith similar bi 
; and let ft represent the 



Why? 



641. This definition ai 



le leads to the following 
of a rigid droular cylinder i 
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, In the Jbllowitig exercises, tohich refer to a right circular cylinder, r 
icnoies the radi'us of the iase, d the diameter, S the aitititde, I the lateral 
tr'ea, and t the total area. 

1. Given !■ = 5, /[ = 10. Find I and I. 

2. Given rf = 7, ft = 20. Find ; and t. 

3. Given r -20,t = 4000. Find h and /. 

4. Given h = 10,l- 160. Find r and t. 



5. Giv. 



L 7i = 7, . 



- 924. Find !• and L 



6. Given I =.880, ( = 2112. Find r and h. 

7. From the formula ( = 2 Jirft + 2 irr^ find r in terms o 
find ft in terms of r and /. 

8. A certain factory manufactuie'< tin ( 
order for 10,000 cylindrical tin cans of height ■> 
3 in. How many square feet of tin did this ordi r 
are allowed for seams in each can? 

9. A gas company erected a new 
gasholder. The gasholder was given 
three coats of paint. It took 50 hbl 
of paint of 50 gal. each to complete 
the work. The height of the tank w is 
leO ft., and the diameter was 218 ft If 
the paint cost fl per gallon, what was 
the cost per square yard of surface? 

10, Two cyhndncal hoilers ha\e 
equal altitudes, but the diameter ot 
one is twice the diameter of the other 
What is the latio of then lateral 
surfaces? of the aieas of their cro^s 
sections? 

Note . The illustration show? the Leaning Tower of Pisa, at Pisa, Italy. 
It is a round oampamle, or hell-tower, erected between 11 74 and 136(1. Its 
height is 179 ft. The six arcades above the basement have thirty columas 
each. The tower leans 16J ft. from the perpendicular. The structure is a 
striking example of the use of cylindrical forms in architecture. 
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PYliAMlDS iND CONES 

642 i pyraraiddl surface i& i ?m£ice generated bj \ '^tl^lght 
line calleil tlie generatnx whioh paaae'i through \ hxed fomt 
tind IS supposed to move along the peiimeter 
of a given poljgon called the directrix which 
IS not m the same pline as the j>uint When 
the genei ^tnx ino\ es completelj m ei the 
peiimetei the suiface geneiated it. i closed 
pyramidal surface 

643 V conical surface I'i % luiface ^.eneiited -^ 
bj 1 strii^ht line cilled the generatnx which n 
passes through a fixed point ind is supposed to 
nio\e iloiip a fixed cuiye, railed the directrix which 
IS not in the same pline is the point When the 
curve 11 1 closed curve, and the generatnx mo\e 
eompleteh ovei it the suiface geneiated is i closed 
conical surface / | 

644 The hxed point is i ailed the vertex of the pyrain 
idal (oi conical) auif ne The moving line m mj of ita positions 
is called an element of the pyramidal (or conical) surface. The 
two parts of a pyramidal (or conical) surface on opposite sides 
of the fixed point 

aie called nappes, 

645. A pyramid 
is the solid formed 
when all elements 
of onenappe of a 
closed pyramidal 
surface are cut by 
a plane. 

646. A cone is the solid formed when all elements of one 
nappe of a closed conical surface are cut by a plane. 
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647. In either the pyramid or the cone the figure thus deter- 
mined on the intersecting plane is called the base. The figures 
formed on the pyi-amidal surface are called lateral faces, and 
their intersections are called lateral edges. The lateral area of 
a pyramid is the sum of the areas of the lateral faces. 

The altitude of a pyramid (or cone) is the perpendicular- 
distance from the vertex to the base. 



648. Pyramids claBsified aa 
as triangular, quadrantjular, 
as their bases are ti-iangles. 



Pyramids ave classified 
and so on, according 
pentagons, and so on. 




649. A cone whose base ia a circle is called a circular cone. 

The straight line joining the vertex of a circular cone and 
the center of the base is called the axis of the cone. 
In the figure of the circular cone in g 645, VO is tlie axis. 

650. A regular pyramid is a pyramid 
whose base is a regular polygon ' and 
whose altitude passes through the center 

, of the base. 

651. The slant height of a regular 
pyramid is the altitude of any one of 
its triangular faces. 

In the figure, VF is the slant height. 




652. A right circular cone is a circular con 
pendicular to the base ; otherwise tlie cone 
circular cone. 



; whose axis is per- 
s called an oblique 
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If a right triangle rotates about one of its legs as an axis, a 
right circulai' cone is geneiuted. In the figure the hypotenuse 
VB generates the conical surface, and the 
leg 05 generates the base. (Why?) Ari^lit k 

circular cone is therefore called a cone of ^^, 

revolution. ^B^l 

It is evident that the hypotenuse la an ele 
nient of the surface. It is sometimes ciUed ^r „ 

the slant height of the cone of vg\ olution -_^^,=- 

653. A truncated pyramid (or cone) is the portion of a pjn 
mid (or cone) included between the bise \nd a nonpaiaUel 
plane cutting all the lateral edges if the pviinud ('oi 



of the cone). If the cutting plane is parallel to the base, tlie 
solid is called a frastum of the pyramid (or cone). 

The base and the parallel section are called the bases of the 
frustum. The perpendicular distance between the bases is called 
the altitude of the frustum. 

The slant height of the frustum of a regular pyramid is the 
altitude of one of the trapezoidal faces of the frustum. 

Ill the figure, 00' is tlie altitude and FF' is tlie slant lieight. 

The slant height of the frustum of a right circular cone 
is that portion of an element of the entire cone which is 
intercepted between the bases of the 
frustum. 



654. The mid-aection of a fnistuin is the section deter- 
mined by a plane equidistant from the bases. 
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Peeluiinary Propositions 

655. All the lateral edges of a regular pyi-ivmid are equal. 

656. The lateral faces of a regular pyra'm.id are congment 
isosceles ti'ianghs. 

657. The lateral faces of a fitistii/m of a regular pyramid 
are congruent isosceles trapezoids. 

658. The slant height of a regular pyraynid, (or fmstuin') is 
the same for all the lateral faces. 

659. The section of a circular cone formed on the plane of 
two elements is a triangle. 



1. The figure shows a parallel projection of a regular square pyra- 
mid of height 8 in. and base edge 1^ in. Draw the projection of the 
base ABCD. Locate the center of the hase. Make the altitude 
OP equal to 3 in., and draw the other edges. 

3. Eepeat Ex. 1, making AC parallel 
to OX. (See Ex. 3, p. 850.) 

3. Draw a regular hexagonal pyianiid 
if the hase edge ie 1 ^ in. and the iltitude 
is 3 in. (See Ex. 4, p. 350.) 

4. Drawa right circular cone, taking the 
diameter of the hase 2 lu. and the altitude 2 in. (See Ex. 5, p. 350.) 

5. Make a model of a regular square pyramid, and develop that 
model on a plane (&ee Ex. 14, p. 380.) 

6. Draw a frustum of a regular sqnare pyramid, if the upper and 
lower base edges are IJin. and 2 in. and the altitude is lin. 

7. The altitude of a reguZar square pyramid is A and the base edge 
is e. Find the lateral edge and the slant height. 

8. Test Euler'a theorem (Ex. 9, p. 338) in the case of a triangular 
prism; a hexagonal prism; a square pyramid; an octagonal pyra- 
mid ; a triangular frustum. Tabulate the results obtained, and show 
that the formula applies in each case. 
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Proposition V Theorem 
660. If a pyramid is eut iy a plane parallel to tlis base : 

1. The edges a'nd the altitude are divided proport 

2. The section made is a polyqon similar to the base. 




Given the pyramid V-ABCDE, cut by a plane parallel to its base 
intersecting the lateral edges in A', B', C, D', E', and the alti- 
tude FOin 0'. 



Proof. 1. The pUuie A'D' is parallel to the plane ATi. 

2. Hence A 'B' II AB, B'C II BC, ■ ■ ■ and A'O' II AO. Why? 



(b) To prove the section A'B'C'D'E' similar to the base ABODE. 
Proof. (Outline.) 1. AVA'B'-^AVAB,AVB'C'~AVBC,&tc. 

„ „ A'B' /VB\ B'C /VC\ CD' E'A' 

2. Hence— = ^— j = — = (^— j = -^=...— ■ 

3. Also, the correspondiug angles of the polygons are equal. 

4. .-. A'B'C'D'E'^ABCDE. 

661. OoROLLART 1. Any Section, of a pyramid parallel to the. 
base is to the base as the square of its distance from the vertex 
is to the square of the altitude of the pyramid. 

From §410 it follows that 

A'RC'iyE' _'^R^ ^^^^VO-_VA'_A'B- „^ A'B-C'D-E' _ " 

ABCDE 



--■ Bnt- 



- Hence — 



ABCDE 



VO 
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668. OoKOLLAEY 2. If two ^yraTnids have equal altit^dei 
and equal bases, sections made by planes parallel to the bases, 
at equal distances from the vertices, are & 




Then. - = — T • a-iitl — = — 



1 = -. But ^ = b 



EXERCISES OH CENTRAL PKOJECTIOW OR PERSPECTIVE 

The methods of Parallel Projection (§ 545} are commonly used in 
Applied Mathematics because the actual shape and size of the object 
are readily suggested hr the drawing In i-eilitr however objects in 
nature appear to the eye ml r n"; dPte u mpd by Ci-i tr^ P jection 
(§ 544) 




1 Perspective Deawing o 
it Ijy Albrecht Dliret, 1523) 

The principles underlying Central Projection can be made clear 
by imagining a transparent plate of glass placed between some object 
and the eye. Then a picture of the object on the glass plate will be 
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formed by the intersectionB with the plate of the rays joininig all the 
points of the object to the eye of the observer. The plate (assumed 
to be vertical) is called the "picture plane," the horizontal plane 
upon which the observer stands the "ground plane," and the eye 
corresponds to the center of projection. 

1. Vanishing Point. Let P be the picture plane, F the ground 
plane, and the eye of the observor. Lpt the iiideflnitc straight line 
I meet P at T. From draw 
/, I! to I, meeting P at F. Draw 
VT. Then VT is the projection 
of I on P. Explain. Again, let 
l^, a line II to /, meet P in T^. 
Then VT^ is the projection of 
ii on P That is all lines j aratlpl 
iu I liaie projections witch i eet 
at (he J I t V called the iianiihin / pti 
line:, parcitel to I 

\n illustration is afloidel ly the rail'j t a itiai ht railiiid tra k 
which converge is the eve f llnws them mto the distai e 

2 Parallel lines which are aho p'lrallel tr the picture j.lane have 
parallel projections on that jlane 

3 The plane paieed through the center ot project an [iiallel to 
the grcund ^Ime intersects the pictire jlane m a line Ciilled the 

horizon line Show thit the vanishmst jioint fir ■iny honzontal 
hne hes iii the hoiizon line 

4. The figure ABCD is a jjer- 
spective drawing ot a parallelo- 
gram ( Fi and Fj are the vanish- 
ing points of the two pairs of 
parallel sides of the parallelo- 
gram). Explain. 

Note, The picture on the opposite page represents the hasilica of 
St. Paul at Rome, Italy, It was rebuOt between 1823 and 1864 on the 
site of the original, ancient structure. Its f mposing interior, 38(1 ft. long, 
is a scene of great splendor, due in part to tie eighty huge granite 
oolnmns. The picture illustrates the principles of perspective in a fine 
architectural setting. 
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PyiiAMIDS 
Proposition YI. Theorem 



663. The lateral area of a regvlar pyramid is equal to half 
the product of its slant height and the perimeter of its base. 




Given the regular pyramid V-ABCDE, with s the slant height, 
I the lateral area, and p the perimeter of the base. 

To prove fhid I = i'^ji- 

Proof. 1. The lateiul faj^es of the pyramid aie congruent 
tria,iigles, with equal altitudes. 

2, The area of each triangle equals ^s times its base. Why? 

3. Hence ^ = J s (AB + BC + CD---). Why ? 

664, CoKOtLAEY 1. The lateral area of a frustum, of a reg- 
ular pyramid is equal to half the product of its slant height 
atid the sUTtb of the perimeters of its bases. (§ 336.) 

665. COKOii^RY 2. The lateral area of a frustum of a regu- 
lar pyramid is equal to the product of its slant height and the 
perimeter of its mid-section. (§ 219.) 

EXEECISES 

1. What is true of tl^e central pvujettion of a polygon whose plaaie 
is imrallel to the picture plane 1 (g 660.) 

2. Tlie vaniBhingpoint for lines perpendicular to the pictui-e plane 
is the orthogonal projection (§ 575) of the center of projection. 

3. If three or more lines are parallel to a plane, the corresponding 
Yanishing points will he in a straight line, and conyersely, 
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PkOPOSITION VII. TlIBOBEM 

666. Einrif section of a oireular cotx maile hy a plane 
parallil to thi has> n a tude. 




Given the circular cone V-ABCD, with the section A'B'C'D' made 
by a plane parallel to the base. 

To prove that A'B'C'D' is a circle. 

Proof. 1. Draw the axis VO, the radius OA, any other radius 
OB of the base, and the eleuiente VA and VB. Let the planes 
determined by VO and VA, and by VO and VB, cut the section 
A'B'C'D' in O'A' and O'B' respectively. 

2. Then O'A' II OA, and O'B' II OB. Why? 

3. .-. AVO'A'^AVOA, and A FO'B'~ A FOiJ. Why? 

O'A' VO' O'B' „„ ,, 

4. ,■.-— = ~ - — - . Why ! 

OA VO OB ■' 

5. But OA = OB. 

6. Therefore O'A ' = O'B', -and the section is a eirele. Why ? 

667, Corollary 1. The axis of a circular cone, passes through 
the center of every section which is parallel to the base. 

668. COROLLARy 2, Any section of a chvular cone parallel 
to the base is to the base ib the square of its distance from, the 
vertex of the cone Is to the square of the attitude ; and if tiDo 
oireular cones have equal altitudes and equal bases, sections made 
by planes ■parallel to the bases, at equal distances from the 
vertices, are equal. 

(Proofs identii;al wit.li those of §§ 661 and f)62.) 
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Pkoposition- VIll. Theorem 

669 1 ^ tun of a cu u/u> on made hy a plane fmamg 
throvfih it's liitij. I'i a triangle 



Givea a circular cone with the section VAB made by a plane 
passing thiougli the vertex V 

To prove that VAB is a, triangle. 

Proof. 1. ^S is a straight line. Why? 

2. Draw the elements VA and VB. 

3 The plane aection of the cone determineii bj T 1 and VB 
IS a triangle § 659 

4 Thia section must coincide with I 4B § 518 
^ Hente the section T 4S is a tiiingle 

670 Tangent Plane If a pKne fontim^ m ►■Ipment of a 
cone but does not < nt the surface it is s iid to be tangent to 
the cone 

From the nature ot \ tingent 
plane it is evident that 

671 4 plane detenmned by a 
hnf uhich ts tangent to the I/osp 
of a ciretilnr cone and t?te elewent 
drau n to the point of eo^itaet *a 
tangent to the cone 

672 If a plane u, tangent to a eimilni -one tts tntersection 
iinth the jtlone of flu hn^p it tangent to the base 
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673. An inscribed pyramid is a pyramid whose base is inacribed 
in the base of i cone, and whose ^eitex coincides with the Tertex 
of the COUP The cone la then said to he mtiinisinbed about 




iNgCRIBBJ 



674. A circumscribed pyramid is a pyramid whose base la 
cii'ciunseribed about the base of a couej and whose vertex 
coincides with the vertex of the cone. The eone is tlieii said 
to be inserted in the ptffamuL 

675. Measurement of the Lateral Area of a Right Circular 
Cone. As in the case of the cylinder, the measuiement of 
the lateral aj'ea, of a i-ight circular cone can be obtained only 
by approximation. 

676. Lateral Area of a Right Circular Cone. Informal Proof. 
If a sector of a circle OAB is cut from a sheet of paper, the 




]mpei a^ be i >lled int( the lateral surface of a right circular 
cone, OA beuig made to ;,oin ide with OB. Conversely, the 
lateral surfece of a Jight circulai cane may be developed upon 
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a plane, if tlie eonical surface is oat along an element aiid 
flattened out into a sector of a circle. Obviously, the latei"d,l 
area of the cone in equal to the area of the sector. The ai'c of 
the sector is equal to the cii'cuinfereuce of the base of the cone, 
and its radius to an element of the cone. But the ai'ea of the 
sector is equal to half tliB product of its arc and its tadius 
(§ 469). Hence the conclusion : 

FAe lateral area of a right eii-eulai- cone is equal to half tha 
■product of the slant height and the cireumferertee of its base.. 

In symbols, if I — lateral area, r = radius of the base, and 
s = slant height, then I = vrs. 

677. A second method of reaching the result just stated is 
the following : Given a right oh-cular cone. Circumscribe 
about it a regular squai-e pyra- 
mid, then circumscribe regTi- 
lar pyi-amids whose bases ai'e 
regular polygous of 8, IC, 
32, ■ ■ ■ , ett;. sides. The lateral ■ 
surfaces of these successive 
leguldi pyi-amids evidentlj ap- 
proach neaiei and neaiei to 
the latei-al amface of the given tone, while the perimeters 
of thejr base'- approach nearer and nearer to the cir- 
cumference of the base of the cone The slant height of 
all the pyramids equals .in element of the cone. But the 
latei'al area of ea* h pyramid equals half the product of the 
slant height and the perimeter of the base Hence the above 
LOnclu'iion 

678 ill hki iiiiiLiiei the lateral surface of a frustum of a 
right circulai cone (ii^uit, p. 4()_') may be developed into a 
sector of a circular ring, whose area is equal to the lateral area 
of the frustum, But the area of the sector of a circular ring 
may be shown to be equal to half the product of the width of 
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the ring (or difEei'ence of the radii of the outer aiid i: 
and the sum of the lengths of the arcs. That is, 



arcs) 
468 




The lateral wrea of a fmstwm of a right cirmilar cone is equal 
to half the product of the slant height and the huth of the 
circumferences of the bases. § 464 



679. Lateral Area of a Sight Circular Cone. Formal Proof. Given 



El right circular cone. Inscribe 
the arcs m the base of the cone 
and complete the inscribed regular 
pyramid whose base is a regular 
polygon of 8 sidee. Continue this 
process, inscribing pyramids whose 
bases are regular polygons of 16, 
S2, ■ ■ ■ 2" sides. In like manner 
circumscribe a set of regular pyra- 
mids of 4, 8, 18, S2, ■ ■ ■ 2" sides 
about the cone. 

Let I and I', reapecttvely, denote 
the lateral areas of any pair of 
outer and inner pyramids with 
similar bases ; let p and p' denote 
the perimeters of their bases, an 



regular square pyramid. Bisect 




;s, and s and s' their slant heights. Then 
Ips, B.nd I' = ip's'. Why? 
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Now let the number of lateral fsices in each set of pyramids be in- 
creased indefinitelj by the process just described. Then jj and ji' approach 
a common limit e, the circumference of the base of the cone (§ 487). 

Also s' approaches s as a limit. For, in the figure on page 402, VE = .% 
VX = »■ (why ?), and EU is one side of the base of the inecribe d pyra- 
mid. Denote jgg by g. ThenEX=Ja. Also VX= -^vW- £X\ that is, 
a" = V^ — ^ a*. But a approaches the value zero, while a remains con- 
stant, being an element of the cone. Hence a' i a. 

How I approaches J ca as a limit. Also I' approaches the s 
(§482). Hence the 

Definition. The lateral area of a ligbt circular cone is 
mon limit approached by the lateral areas of inscribed and ci 
regular pyramids, as tlie number of lateral faces of the pyramids ii 
increased indefinitely. 






, From this definition n 



e obtain the 



Theorem. The lateral area of a right circular cone is equal to half the 
prodiict of the slant height an,d Ike circumference of the 6(we. 

681. Lateral Area of a Frustum of a Eight Circular Cone. Formal 
Proof. GiTen theftustumJi'of a riglit circular cone. Let r^ be the ratlins 
of the lower tiase, r^ the radius of the upper base, and e the slant height. 
Complete the cone. Then the lateral area of F is equal to the difference 
of the lateral areas of two cones, whose bases have radii r, and r, , Let u 
and B be the respective slant heights of the 
cones ; then u — 1> = a. Also the lateral area 
I of the frustum is 



; = 7r 



T(r,. 



i")- 



Whence ! = 3r(r,u — r^w + r^u — r 

= x(r, + r,)(«-B) 
= 7r(r^ + r^)s. That is, 

The lateral area of a frustum of a right circular cone ia equal to half Oi^ 
product of the start height and the sum of the circumferences of the upper 




682. Coboij:.aet. The lateral area of a fru&tnm, of a right 
circular cone is equal to the product of the slawt height and the 
oircwmference of the mid-section. 
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Lateral Ai;ka. Pybamids, Cones, Frustums 

In the foUowitiff exercises let g denote the slant height, h the altitude, 
I the lateral area, t the total area, % a base edge, ei a lateral edge, of 
the solids mentioned. 

1. Draw a regular square pyrami 1 
base edge 2 in. and of height 3 m 

2. With the dimensions gnen i 
Ex. 1, find I and (. 




3. Given a regular hexagonal lyiainid 
in which e^ = ^ and e^ = 6. Find I and ' 

4. Given a regular hexagonal pyranii [ 
if ej = 8 cm., and S = 6 cm., find f ai I 

5. <Jiven a regular sqiiare pyramid. Express / m teriUB uf s and 
h; in terms of e, and e^; in terms of h and e^. 

6. A solid consiBtsof two congruent regular square pyramids with 
a common base. The distance between the opposite vertices is 
16 cm., and the diagonal of the common baae is 12 em. Find t. 

7. The figure represents the plan and elevation (Tliird Angle) 
of a triangular pyramid, the scale of the drawing heing 1 ; 5. 
Determine by measurement, construction, ,. ^ 
and computation the edges and the lateral 
area of the pyramid. 

(The ti-ue lei^th of the lateral edge VA 
may be found from the hypotenuse of a right 
triangle whose legs are V^A^ and V^Dy') 

8. Find the total area of a regular tetra- 
hedron of altitude 10. (See Ex. 36, p, 334.) 

9. The Great Pyi-amid in Egypt origi- 
nally was a regular square pyramid of 

height 156.4 m. and of base edge 232.2 ni. At present it is really a 
frustum of a pyramid, its height heing 147,8 m. What is the area of 
the platform at its top? AVhat is the lateral area of the present 
structure, its irregular form being ignored? 
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10. The monument o£ Ce^tiiis in Rome (sliown in the illustration) 
is a square pyram 1 ot 1 e ^H J n an 1 of base edge 30 m. How 
many square meter* in 
its lateral surface ? 

11. A leetanj, 1 
building is 70 ft 1 
and 32 ft. wide. It h 
a pjramidal roof 1 tt 
high, the lateral fai p 
of the pyramid I eir ^ 
isosceles triangles How 
many tiles are i eeded 
for tMs roof, if 16 tiles 
are required to cover a square foot (no allowance foi waijte)? 

12. Upon the fajjes of a cube as Lanes congruent iee;ular pyramids 
are constructed exterior to the cube. Il an edge of the cube is 4 m., 
and if the distance between the vertices of two opposite pyramids 
is 6 in., find the area of the resulting solid. 

13. A right triangle of legs a and i revolves about (i as an axis. If 
a = 8 in., and b — i ia., find / and I of the resultiiig solid. Find I and I 
if the righttriaagle revolves about 6 as anaxii, afiout the hypotenuse 

14. An isosceles triangle of base 6 in. and 
height 4 in. revolves about its base as an 
axis. Find the area of the resulting solid. 

15. A semicircle of radius 10 cm. is rolled 
so as to form a cone of revolution. Find / 
and ( of the resulting solid. 

16. A quadrant of radius 14 in. is rolled 
so as to form a cone of revolution. Find I and ( of the resulting solid 

17. A conical tent is to be 12 ft. high. The diimetei of its ciicu 
lar base is also to be 12 ft. Making no allowance for seams, how 
many square yards of canvas wiO be used in its construction? 

18. A silver cnp in the form of a conical frustum is to be plated 
inside with gold. The upper diameter of the cup is 3 in., the diameter 
of the base is 4^ in., and the height of the cup is 8 in. How many 
square inches of gold plating will be required for the inside of the cup? 
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VOLUMES OF SOLIDS 

683. The volume of a solid is the nuniei'ical measure of its 
magnitude, expressed in terms of some polyhedron as the unit. 

The unit of volume ordinarily adopted is a cube whose edge 
Is a standard linear unit. 

684. The cubic units most commonly used are the cubic foot, tlie 
cubic inch, tlie cubic centimeter (cc), and the cubic decimeter, or liter. 
To find the volume of a polyhedron, therefore, is to detei'mine how 
many cubes of a given dimension it c 

685. If two solids have 
to he eq^ual. 

686. Two polyhedrons are equal if tbey ai'e congruent (that 
is, if they can be made to coincide) or if they can be divided 
into parts -which are congruent in pairs. 

The symbols chosen to represent the congruence or the eqUEiltty of 
two solids are the same as the corresponding symbols In plane geometry. 

687. The equality of two solids cannot always be established 
by dividmt, them into pairs of confluent piits Othei methods 
must frequently be used in ompumg sobds 

688. Volume of the Kectangular Parallelepiped The lectangle 
in plane geometij i^t,s tound to be tlie most convenient foun 
dation for the subje t of aieas bimil'uly, the lectangulai 
parallelepiped is made the lasis foi 
the disoussion of volume 

689. Gonsiderthecispii nh chtl e 
three dimensn. ns* of the lettaiiguKi 
parallelepiped are represented h^, 
integeis In the figme let 3 4 " 
represent the lengths of thiee ad] Din 
ing edge=i of the solid in terms of the sime unit It is le'iddy 
seen thit the solid can be divided into ■« man-^ lubio units 
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aa aie indicated by the pi'oduct of tliese three integers. For the 

base of the solid can be divided into 3x5 squares. Oir each 

of these squares as a base a column of 

4 cubes can be erected, thus giving a 

total of 3 X 4 X 5 cubic units. Tliis 

process is evidently general, so that 

any three integers, a, It, and c, might 

have been used instead of 3, 4, and 5. 

The volume would then be » x 5 X c 

cubic uniti 

It K possible to extend these considerations to the ca'ip 
in which some of the dimensions oi ill of the i ■u<s ippie 
sented by fractioni oi bj iiiational numbeis 

Thi'f leads it once to the 

Fundamental Principle The iclnme <f a uf-iam/ d jai I 
lelepiX'&d IS thb proiurt oftts three dimensiojis 

In Hymbols if o denotes the volume of the panllelej pc I t 1 t 
a I (. are the given dimeiwiocs then ti=abc 

690 GoROLLAE\ 1 Tivo reefangulai jaiallelepijit-ds aie to 
each }the7 us the jfroduets of fheu three dimensions 

691 CoKOLLiEi 2 Tuo jectangaloi paraJlelepijiedt i hu,h 
ha e one dimension ejual are to each ofhei ah thi j loduUt of 
thetr othei two dtmenstons 

692 CoKOLLABT 3 Tuo reetungnla} paraUelepiipi'dt, vhtch 
have tuo dimenswns iespeotively equal aie to each othei as 
their third dimensions 

693 Corollas^ 4 Tuo retstangvlar pat allel&pipe h are 
equal ij- theit thtee dimenswns aie t espeetviely equal 

In that case the two solida aie also congruent. (Why ?) 

The above corollaries may be written symbolically as follows ; 



aOfe' ■& 



W h'y' ^ 



a-y. 



:fl-=4::3- 



694. CoBOLLABY 5. The volume of a rectangular pa,rallel- 
ipiped w equal to the product of its base and altitude- 
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1 If the \ ilump rit a culie is 8t,u ft, its ed),p is evidently the 
cube root ot '^ In thi*) case the cube icit is tiken bi inspection 
"When that is impofesible, the cube loot imj be found Lv \anous 
methods — - by arithmetic, by logaiithms oi byiefeienee to a talle 
of cube roots (see p 49b) 1 sitisfacfa ly ap^roxiniatun can often 
be obtained trom the </"ijJ r/ "' ? (.(-i tin t tins .iqli nsiii 
squired pipnr (Plane <je 
ometry,pE 177 170) Md 
limetei paper is pieferable 
for tkis purpose. It is well 
to let one iinit an the hon 
aontal axis equal twentj 
nnits on the vertical axis 

Let n and n° denote anv 
integer and its cube. Then 
the adjoining table repre 
gents corresponding values 
of these two variables, and 
the graphisthe graph of !i^- 

Thifl graph may be used for both involution and evolution. Thus, 
if the cube of 2^ is required, find the point representing 2J- on the 
horizontal axis, and measure the vertical distance from that point t« 
the graph. If the cube root of 10 is required, find the point repre- 
senting 10 on the vertical axis and measure the horizontal distance 
from tKat point to the graph. 

2. From the graph find the cubes of 2^, 3^, 4.1. Cheek by com- 
putation. I^d, to one decimal place, the cube roots of 10, IS, 20, ■ ■ ■ 
to 40. Check by means of the table of cube roots. 

In ike Jbliomng exercises e denotes a lateral edge, I the lateral urea, t 
the total area, and v the volume. 

3. If the edge of a cube is e, write the formulas for ( and v. Draw 
graphs of t and of v, using the same axes. For what value of e is the 
numerical value of ( equal to that of u? 

4. Given a cube. Find ( and v if e equals 4.1 (5.2, SJ, 2.3). Find e 
if V equals 9 (6.5, 8.7, 20.32, 48). (Use the graphic method.) 
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1- r 

' 12"- — J 



5. The edge uf one cubical box is 2 (3, 4,- ■ ■)!) times that of 
another. Compare the values of t and of v of the two boxes. 

6. The diagonal section of a Uiibe is Vl28. Piad e, (, and v. 

7. The dimensions of the floor of a rectangular room are a and 
h, and the height is c. Write formulas for I, t, and u. 

8. The dimensions of one i-ectangnlar tank are 2 (8, 4, 5,-; -n) 
times the dimensions of another rectangular tank. Compare the 
values of ( and of v of the two tanks. 

9. A square sheet of tin has four equal squares cut out at the 
comers, and the sides are then turned np so as to form 
a rectangular box. What is the volume of the box, if 
the side of the given sheet is 12 in., and a side of a 
small square is i in. ! 2 in.? 6 in.? if the sheet of tiu 
is rectangular, the dimensions being 2 ft. and 1 J- f t. ? 

10. An open tank is to be constructed of sheet 
iron. It is to have a square base and vertical sides. 
It is to contain 16 cu. ft. of water. How many square feet of laaterial 
will be required for the tanlc if the height of the tank is 1 f t. ? 4 f t. ? 

11. The dimensions. of a rectangular box are consecutive integers. 
The capacity of the box is to be 
60 cu. ft. Find the dimensions. 

Solution. Let a, « + 1, ic + 2 rep- 
resent tlie dimensions. Tliena(s+1) 
{3; + 2) = 60, from whicli a" + 3 a;^ + 
2 a; = 60. Draw the graph of the ex- 
pression K* + Sz^ + 2a, by putting 3; 
equal to 1, 2, 3, 4, etc. Tlien locate 
on the vertical axis the point repre- 
senting 60. The horizontal distance 
from this point to the graph is the 
required value of ». Explain. 

12. In Ex. 11 And the dimen- ^ alues of 
sions if the required volume is 24. 

13. Plot a curve and solve as in Ex 11 if the dmieusiun^ arp 
consecutive ernm integers, and the vol ime is 48 (192) 

14. A rectangular \icix is to have a sq are base and its height is 
to he 3 ft raorp than it« base edge. It is to contain 54 cu, ft. Find 
the dimen-ijiis 
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Pboposition IX. Theorem 

695. The volume of any trianfftdar right prism equaU the 
product of its base and its altitude. 




Given the triangular nght prism ABC-E, with base b and altitude 
ft, and with volume i 

To prove t t —Ik. 

Proof. f'AbE I. Jflien the base is a right triangle. 

1. Complete the rectangular parallelepiped BH, by passing 
planes pai-allel to the faces .4Fand FC. 

2. Then the prism ABC-F can be brought into coincidence 
with the prism ACD-H by superposition. 

For the base ABC can be made to coincide with the base 
ACD. (Why?) Then the edge ^P will coincide with 2)ff, C(? 
with A E, and AE with CG. Why ? 

3. Hence all the vertices of the given prism can be made to 
coincide with the corresponding vertices of the other prism. 

4. But the volume of BH equals the product of its base and 
its altitude ; therefore the volume of the triangular right prism 
equals the product of its base and its altitude. (Ax. 5.) 

Case II. When the h'lse is an oMiqiie triangle. 

1. Suppose that AC is the longest side of the triangle ABC. 
Through BE pass a plane perpendicular to the face CD. Let 
KL be the line of intersection of the two planes. 

2. Then two triangular right prisms ai'e formed, whose bases 
ABL and DCL are right ti'iangles. Why? 
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3. Hence the volume of ABL-K — AABL ■ h, 
and the volume of BCL-K^ABCL ■ h. 

'i. Therefore the volume of the given prism equals 
AABL ■ h+ABCL ■ h. 
.-.v^bh. 

696 CoBdLLARY 1 TJie lohimf of anyflght pritm is equal 
to the pioduet of iti base and itb g- 
altitudp 

By pT6siiig diigonal planes throuf.h 
any lateial edge the given pn^m 
may be divided into triaaigular right 
prisms tliB volume (f eatli of wliuli 
equals tie pixduct ut its bae* and 
itb altitude But these pnsmB ill 
have the same altitude k and the 
sum of their bAses equals the Idst 
of the given pnam Hente v — bk 

697 CoBOLLAEi. 2 Ifvundi denotethevoliimesnfthe two 
right prisms, h and h' their bases, and h and h' their altitudes, then 




(2) J = ^' [/' = /'']; (4) ''^^ 



I h = h'^ 



exercises 
Volumes op Rioht Prisms 

1. A hosagunai column has a height of 10 ft. ami a base edge of 
1 ft. Find the lateral area and the vohuuij. 

2. A Bwimming tani is 30 ft, long and 20 ft wiAf It is 1(1 Jt. 
deep at one end and 5 ft. at the other end. How Jnany gillons of 
water are required to fiU it to a point which is 1 ft fiom tii'' top? 
(One cubic foot contains 7,4805 gal., or T\ gal,, nearly ) 

3. In digging the Panama Canal, 323,000,000 ou. yd. ot mateiial 
had to be removed. If all this material could have been deposited on 
a single pile covering an area of 100 A., how high would this pile 
have been? (One aero contains 43,560 sq. It.) 
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4. Each of the mammotti dredges uaed in the Panama Canal has 
a dipper the capacity of whieh is 15 cu. yd. If the height of this 
dipper is 10 ft. OJ^in., what is the area of the bottom? 

5. A cubic foot of gold was converted into 100,000,000 sq. in. of 
gold leaf. What was the thickness of the gold leaf ? 

6. The great Chinese wall is said to be 1500 mi. 
long, 20 ft. high, 15 ft. wide at the top, and 25 ft. 

wide at the bottom. If it were possible to build 

with this material a wall around the earth at the '^rT 1~ 

equator of a tHcknesa of 1 yd,, how high could It 

be made ? (The equator is at o t Jo 000 u lon^ ) 

7. The figure shows the pi na dele ation(Tl 1 | | | 
Angle) of a regular bexagoi al j sn If il n 

and CI) is 8 in., find the late 1 a a tl t tal a nd h oluai 

698. Volume of a Right C rcular Cylinder Informal Proof 
Inscribe in the given c>lde ip uwlo 1 e 
square and proceed aa i § b *> obta. n ng a et f u be 1 
prisms wlitee bases are regula i olj 
gons having, respectively, 4, 8, 16, 
32, ■ ■ ■ etc. sides. The volumes of 
these prisms approach nearer and 
nearer to the volume of the given 
cylinder, while the areas of their 
bases approach nearer and neaj'er to 
the area of the base of the cylinder. 
The altitude of all the prisms is the altitude of the cylinder. 

The volume of each pi-ism equals the product of the area of 
its base and its altitude. Hence the conclusion ; 

The volume of a right cirmilar eylinder is eqtial to the product 
of its altitude aiui the area of its base. 

In symbols, if v is the volume, )■ the radius of the base, and 
h the altitude, then „ 




The same conclusion would be reached if a scries of cii-cum- 
scribed prisms had been constructed. 
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699. Volume of a Right Circular Cylinder. Formal Proof. Given 
right circular cylinder. Inscribe in it right prisms whose bases are regulr 
polygons of i, 8, 16, . - ■ 2" sides (§688). Also circumscribe reguli 
prisms with bases of 4, 8, ■ - . 2"sidea. 
Let V and u', respectively, denote 
the yolnmea of any pair of outer 
and inner prisms with similar bases, 
and 6 and 6" the areas of their bases. 
The altitude of the prisms equals the 
altitude of tliu cylinder h Then 
e = 6ft anl = 6 A (Why?) 

Now let tl e numbei of lateral 
faces cf eatch aet of pnsms be m 
cmised indefinitely (§840) Then 
( and ¥ approacl a coimnoi hint a t]< 
uylindei (§488) Hence n Mid n' aipioach 
These oon^deratinns j Mify tl « following 

Definition The rolume of a right circular cyhnder is tb 
limit ai-pioiohed by the voliunes of inscnbel and <^ rcumscii! 
prisms as the umber of lateral faces 's 'n leased 'ndefin'tely. 



f the bis ut the 
on limit ah (S 489). 



700- Theorem The vol me ijf a r ght a 

pyodiirf. of i 11 nJ he e of is b 



I r cyl der e 
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Volumes of Cylindees 
In the /oUowing exercises let r represent Che radius of Ike hase, d the 
diameter of the hose, h ike altiiude, I the lateral area, t the total area, and 
V the volume of a right circular cylinder. 

1. Given !■ = 7, A = 10. Find I, t, v. 

2. Given r = 2 and A = 2 r. Find I, t, v. 

3. Given ( - 100 and ft = 3 r. Find r, I, v. 

4. Given v = 1000 and h = 2r. Find d. 

5. From the fomiula u = Trr^h find h in terms ot' '■ and r. 

6. From V = m^k And r in terms of e and h 

7. A standpiiw ia to contain 1 00 000 tfil tf wat^i It it is t l>c 
twice as Hgt as it is wide, what mu&t Le its dimension';' 

8. Measure tlie dimensions ot a rcund leiJ pencil and al'i tlie 
thickness of the lead. What is the volume ot the pentil aud «hit 
portion of this does the lead occupy? 

9. Suppose the round lead pencil uientionet in Lx ft is tt I e 
trimmed down to a hexagonal form with the least loss ot materiil 
How long would one side of the new hesagon'il base have to be I 
If the diameter of the pencil originaUf was d and its length h woik 
out a formula that represents the amount of Ijss in matPiial in 
changing the form of the pBncil ipply this foimula to the partic- 
ular pencil you have measured. On an order of 10,000,000 pencils, 
how much material would be involved ? 

10, Assuming that a, city has 400 mi, of wa1«r pipes, that the 
average diameti'r of these pipes is 1 ft,, and that water is flowing 
through these pipes at the rate of 3 mi. per hour, how much water 
is required to fill this entire system, and how much water would 
be discharged at a particular point in the course of a day? 

11. A rectangular sheet of paper whose dimensions are a feet and 
ft feet is bent into the form of the lateral surface of a cylinder of 
length a feet. Find I, t, and (•- If n = 10, and b = 20, what are the 
results? What would have been the result if ft had been made the 
length of the cylinder ? 
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12. A ciroulai' storage basin is 100 ft. in diameter. During a 
conflagration so mach wafei- is drawn from the basin that the level 
of the water falls 2 ft. What is the weight of the water withdrawn ? 
(A gallon of pure water weighs about 8,3 lb.) 

IS. It ia claimed that througJi a leak not much larger thau a 
pinhead about 1500 gal. of water will be wasted in the course cf 
a day, under a pressure of 100 lb. At tins rite whit wonid be the 
loss to a city water department on sueli a leak m an unmeteied 
service, if the charge for 1000 eu. ft cf witer is $1 1 

14. The height of a hot-water boiler attached to a kitchen ^Sa\ 
stove is 6 ft. The oiroumferenoe of the boilei is ii in Thp WWa 
thickness of the shell is -^ia. How many gallona dtes tin- W' 
boiler contain? 'i1ji| i 

15. The barometer ia aa instrument u=ed tn the detmni 
nation of atmospheric pre^ure. A glass tube, about a ydiJ 
long, 13 sealed at one end and is filled with mercury The 
tube is then inverted, the open end being placed in a small 
mercury trough. It is then found that the column of meieuiv 
sinka within the tube to a point which at sea lei el is lei 
nearly 30 in. If the cross-section area of the miide of tli 
tube were 1 sq. in,, the tube would contain 30 cu m of uiei 
cury. This amount of mercury is held in position hy tbi 
pressure of the atmosphere. If mercury weighs 49 lb jier 
cubic inch, hos: much pressure does the atmosphere exeit 
]>er square inch of surface? 

16. The surface of the body of a man of average proportions is 
about 16 sq. ft. This means that a man resists on the surface of his 
body an atmospheric pressure of nearly 18 T. Explain. 

EXERCISES E» BKAWOTG 

1. Make a per.^pective drawing of a parallelepiped. 
SuggesUmi. Aesiime the lateral edges t< 

EFj and OV^ intersect at y^ 
F, and BF II BH. (Why ?) ' 

2. Make a perspective 
drawing of a parallele- 
piped, no edge of which is 
parallel to the picture pi iine. 
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Pboposition X, Theorem 
701. The volume of an oblique prism is equal to tite product 
of its lateral edge and the area of a right section. 




Given the obli(iue prism AD' , with the right section KN, and s 
the area of KN, e the length of AA', and v the volume of AD'. 

To prove that u = '■■'•. 

Proof. (Outline,) 1. On liJ^ as a base construct the right 
prism KN', the lateral edges KK', LL', etc, being equal I'espee- 
tively to tbe lateiul edges of AD'. 

2. Imagine the truncated prism AN, bounded by the polygons 
AD and KN, to slide along the lateral edges AK' etc. until the 
base AD falls on the base A'D'. § 621 

Then the plane of BK will fall ou the plane of B'K' (§ 565, b) ; 
AK will fall on the line A'K' (§ 176, b); and K will coincide 
with K' (Ax. 3). 

In like manner, L will coincide with L', etc. 

3. Hence the solid AN will coincide with the solid A'N'. 

4. Now if tbe solid A'N' ia taken away from the entire solid 
AN', the given prism AD' ia left over. Similarly, by removing 
AN from the entire solid, the prism KN' is obtained. 

5. Hence ■ AD' = KN'. Why? 

6. But the volume of KN' = ai-ea KN x KK'. Why? 
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PltOl-OSITIOtr XI, TlIEOliEM 

702. The volume of mi ohUque parallelnpiped is equal to the 
of its base and its attiiiide. 





Given the oblique parallelepiped AG, with b the area 
ABCD, h the altitude, and v the volume. 

To prove that v =; hh . 

Proof. 1. The giveu parallelepiped may also he r 
having AEHD as its base, with the lateral edges AB, DC, HG, 
and BF. § 618 

2. Draw the right section MNOP by pasaing a plane pei^jen- 
dicular to AB. 

3. Then v = s.m?.MNOP x AB. § TOl 

4. But AfA'07-* is a parallelogram. Why? 
Draw the altitude BS of this parallelogram. RS is also the 

altitude of the paiullelepiped. Why ? 

6. Now the area of a MNOP =MN x RS. Why'/ 

Hence v ^ AB x MN x RS. 

6. But AB X AliV = b. Also US ^ h. 

.-. >; = hh. 

EXERCISE 

Theorem. Dk jHup pi^'^ed thioiijh t^\c rii&smiillT npj is tP c igos 
of an oblique piralleleiiped divjles the p\vT,lleleinped ii II t« c jual 
triangidar priiniis 

Bugge^ion. Construct a iiglit section ot the paialleleiapetl. 
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ProI'OSItiox XII. Thkokkm 

703. The volume of an oblique trianffular 2>rimt eifiuds tkc 
product of its base and its altitude. 




Given the oblique triangular prism ABC-EFG with the base b, 
the altitude ft, and the volume v. 

To prove that, v =bh. 

Proof. 1. Oonstj'uet the paiallelogiam A BCD, and on this 
parallelogram as a base construct the parallelepiped AG, the 
lateral edges being eqiial and parallel to AE. Also draw the 
right section MNOP by passing a plane ± to AE. Let the diag- 
onal plane CE cut this section in the line MO. 

2. Then the parallelepiped ^ (? is composed of two triangulai' 
prisms, ABC-F and ACD-H. 

3. Thesection Jl/iV0Pi9aO,andAJl!fi\'0 = A-it/P0. Why? 

4. The volumes of the two triangular prisms ai-e equal re- 
spectively to the volumes of right prisms having as their bases 
MNO and iMPO, and altitudes equal to ^E. § 701 

Hence the two triangulai' prisms are equal, and the volume 
of each is half the volume of the parallelepiped. 

6. But the volume of AG equals area ABCD x h. § 702 

Hence v = ^ area.ABCD x A = area^^C x h = bh. 

704, Corollary 1. Thevolume ofanyfi-hm is equal to the 
product of its base aiid its altitude. 

(Apply the method of g 396.) 
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705. Corollary 2. If v and v' are the volwmea of any two 
prisms, with aUUudes h amd k', and bases h and b', then 

706. CoKOLLABY 3. The volwme of any circul'i.r M/linder 
eiiui'ls the product of its base and its altitude. 

(Apply the method of §§ 008-700.) 

707. The Volume of a Pyramid. If a pyramid is cut by a 
series of planes parallel to the base and equidistant from one 
another, including one through the vei-tex P, these parallel 
planes will fonn a series of sections similar to the base. (§ 660.) 




In the pyramid it will then be possible to construct, on the 
base ABC and on the sections as lower bases (Fig. 1), a series 
of prisms, each prism having for its altitude the distance between 
two consecutive parallel planes and having its lateral edges 
parallel to one of the edges of the [lyramid. The prisms thus 
constructed lie partly outside of the pyramid, and are called a 
set of circumscribed prisms. 

Similarly, it will be possible to construct, on the sections as 
upper bases (Fig. 2), prisms lying entirely within the pyramid. 
These inner prisms are called a set of inscribed prisms. 

In the figures the prisms a,b,c,d, constitute one set, while the prisms 
B the other set. 
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The meaning of the following aasumption will now be clear. 
Assumption. Apyi-amid has a definite volume which is less 
than the suin of the vohi/mes of any set of oircumseribed prisms, 
and greater than that of any set of inserihed prisms. 

708. The circumscribed and inscribed prisms constructed in 
% 707 on the same section Eire evidently equal, for they have 
equal bases and equal altitudes. That is, a= a', b = b', and 
c = c'. But to the prism d, consti'ucted in Pig. 1 on the base 
ABC, there corresponds no inscribed prism in Fig. 2. 

Denote «H-S + c + dbys, and a' + b' + c' by s'. 

Then s~s' ^d. 

Let the number of equidistant sections be increased, let n be 
this number at any stage, s„ and s^ respectively the sum of the 
volumes of the cii'cumBcribed and of the inscribed pr^ms, and 
l„ the volume of the circumscribed prism on the base ABC. 
The volume of this prism can be made small at pleasure by 
taking m sufficiently large. 



Let 


V be the volume of the pyramid. 


Then 


s,-v<s„-sl. 


Also 


v-sK .., - si. 


But 


s» - s» = k- 




■■■s„~w<;^ and »?-.<< l„. 


Let 


n increase indefinitely. 


Then 


limit s, = V, and limit xi = v. 



§47fi 

These considerations justiiy the following conclusion : 
The volume of a pyra-mid is the eommon limit of the swwts 
of the volumes of two sets of prisms, namely, a set of n cireum^ 
scribed prisms and a corresponding set of n — 1 inserted prisms, 
as n is increased indefinitely. 
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Pko POSITION XI 11. Theorem 

709. If two trianffular pyramids have equal bases and e< 
altitudes, their volumes a 




Given the pyramids V-ABC and S-KLM, having equal bases 
and equal altitudes. 

To prove that V-ABC and S-KLM have equal volumes. 

Proof. 1. Divide the altitudes VO and ST into the same 
number of equal parts. Using these points of division, con- 
struct a set of circumscribed prisma in connection mth ea«h 
pyramid. Let DEF and PQR be two corresponding sections. 

2. Then section BEF equals section PQH.. § 662 
Therefore the prisma constructed on DEF and PQR as 

corresponding bases are also equal. Why? 

Similai'ly any two corresponding prisms are equal. 

3. Hence the total volumes of ea<;h of the two correspond- 
ing sets of prisms are constantly equal 

4. If the number of prisms is increased indefinitely, the 
volume of each pyramid is the limit of the sum of the volumes 
of the set of prisms associated with it. § 70S 

But the volumes of the two sets of prisms, being always 
equal variables, are really one and the same variable. Hence 
their limits ai'e equal. 

Therefore V-ABC and S-KLM have uqvial volumes. 
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Pkopohition XIV. Theorem 

710. The volume of a triangular pyramid is equal tJ> o 
ildrd the product of iffi base and its altitude. 




Given the triangular pyramid E-ABC, with the volume v, the 
base ABC equal to b, and with the altitude ft. 



To prove that 



Ihh. 



§709 



Proof. (Outline.) 1. On the base -4BC construct a triangular 
■^rism ABC-BEF, its lateral edges being equal and parallel to 
EB. This prism may be divided into three triangular pyramids 
by means of the triangular sections AEC and CED. 

2. Then pyramid E-ABC = pyramid C-DEF. 
Likewise pyi-amid E-CDF = pyramid E-CAD. 

3. But the pyramid C-DEF is the same as E-CDF. 
Hence E-ABC := C-DEF = E-CAD. That is, the vol 

E-ABC ia one third the volume of the prism. 

4. But the volume of the prism = hh. y 
Heuce the volume v of E-ABC is 

v = \hh. 

711. CoEOiLAST 1. The volume 
of any pyrainid is one third the 
product of its base and its altitude. 

By passing the diagonal planes VAD 
and VBD, the given pyramid can be 

divided into triaiigiilar pyramids. These ti'iaagular pyramids all have 
the altitude Ji. Also, the sum of their bases equals b. .-. r> — }f bh. 
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712. Corollary 2. If v and v' are the volumes of two 
pyramids, tvith hoses b and 1>\ and altitvdus h and h', then 
V _bh V h ' -^ ^ r, ,n < \h = h'^ 



Volume of Pyramids 



M (Ac aUirer'm 



< iif paije iOi will be used, 




!! all eqiia,!. If t 



In the following ex 
D being the volume. 

1. Given a square pjraniid, e^ = i, and /( = 7. Find v. 

2. Given a regular square pyramid, .i = 20, and h = 21. Find 
u, I, and (. 

3. The ligui'e shows a regular hesag- 
onal pyramid in pai-aDel projection. OK 
is the apotliem of the liexagoa. VK is the 
slant height. Draw the figure, if AB = 
1 in., and FO = 3 in. Find v, I, and (. 

4. Given a regular hexagonal pyramid, 
fij = 6, and a = 6. Find it, I, and (. 

3. The edges of a triangular pyrainid i 
hined length of all the edges is 18 in., find v, I, a 

6. The thi-ee sides of the haae of a triangular pyruiiiid urii J, Vi, 
and 15. If A = 18, find v. 

7. The Pyramid of Cheops, in Egypt, was ahout 480 ft. higU oiigi- 
nally. Its base edge was about 764 ft. How many cubic yards did 
this square pyramid contain ? If it were possible to buOd a wall from 
New York to Chicago with the stones 
used in the completed pyramid, how 
high could this wall be made, pi-ovided 
it had a thickness of 2 ft.? 

8. The figure represents a cube. If 
the edge of the cube is e, what part of 
the volume of the cube is a pyramid 
whoaebaseiSjlBCZ*, and whose vertex is 
upper base ? a 




,tE't at P, the center of the 
t M, the mid-i>oiiit of FG1 at 0, the luid-poiat of FBt 
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a square. Then 
■ polygons having 
volnijues of these 
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VIS. Volume of a Circular Cone. Informal Proof, Inscribe i 
the given cone a pyi-amid whose base i 
inscribe pyramids whose bases ai'e regnii 
i-espectively ■ 4, 8, 16, 32, ■ ■ ■ sides. The 
pyi-amids will approach nearer aiid 
nearer to the volume of the given 
cone, while the areas of their bases 
approach nearer and nearer to the 
area of the base of the cone, the 
altitude of all tlie pyramids being 
the altitude of the cone. But the 
volume of each pyramid equals one 
third the product of its base and altitude. Hence the conclusion : 

The volume of a, ctraular cone is equal to one third the product 
of its hose and altitude. 

In symbols, if v is the volume, r the radius of the base, h tlie 




altitude, then 



The K 



e oonolusion follows if circvunscribed pyramids a: 



714. Volume of a. Circular Cone. Formal Proof. Given a circular 
Gone. Inscribe pyramids whose bases ai'e regular polygons of i, 8, 18, 
■ , - 2" sides. In like manner ciiwunscribe pyramids wliose bases are 
regular polygons of 4, 8, : 
sides. Let v and t 
denote the volumes of aaiy pair of 
outer and inner pyramids with sim- 
ilar bases. Then, with the 



« = iM 






f^lb-h. 




Hence it follows by the method of 

§ 6D9 that w and v' have a common limit. This fact lead,s to the 

Definition. Ths volume of a circular cone is the common limit approached 
by the vulumea of inscribed and circumscribed pyramids, whose bases 
are regular polygons, as the number of lateral faces of the pyramids ia 



716, Tlieorem. The mimne of a (drcular cone is equal to one third the 
product of its base and altitude. 
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Volume of Cones 
Each of the cones in tlie following problems is a riyhl circular cone.. 
The natation is that of page 404, v ieiny the volume. 

1. A section of a cone through the axis is an equilateral triangle 
of side 7 cm. Find / and v. 

2. The section of a cone made by a plane passing through the 
asis is a triangle whose base angles are 45', The height of the cone 
ia 4 in. Find I, t, and v. 

3. A right, triangle of legs a and 6 revolves about a as an axis. 
Find ( and v of the resulting solid. 

4. What is the efleet (a) on the base, (h) on the volume, 
of a cone, if the radius of the base is doubled while the altitude 
remains fixed? if Uie height is doubled while the i-adius of the 
base is trebled ? 

5. A conical vessel contains 11. (1 1. = 1 cu. dm. = 1000 on. cm.) 
If the diameter of its base is 14 cm,, find the height of ttie vessel. 

6. A cvlindrioal tower has a conical top. The diameter of the 
tow 6m th h It f th t al w II 4 anlth 1 It 

f th to\\ rn What 

n*!nt f th t w ? 

7 Th h ht f a i I m t 1 hi 
7 m and th 



ht fa 


i 


Im t 1 


b 


ad 


f 


tsb 


8 


tel d 




t to 


d 


f th 




m has 


1 


th 


fav 


f th 


d 




^\} t th fav f th d I 



8 A m IT 1 f ad =8 t be b nt nt ii la 

(Tl m n tl t n 1 n f h n lual and that 

th umt n f tl b TT ) F d th J n f th n 

9, A quadrant of a circle of radius !■ = 10 cm. is to be bent into 
a circular cone. Find the volume of the cone. 

10. If the conical crater of a volcano is 2 mi. in diameter, and 
has a depth of 1200 ft., how many cubic yards of material would he 
required to fill iip this cavity? 



y Google 



426 SOLID GEOMETEY— BOOK VII 

Pkofosition SV. Theorem 
716. The volume of a frustum of a pyramid is equal to the 
sum of the volumes of three pyramids whose common altitude 
is the altitude of the frustum, and whose bases are the lower 
hose, the upper base, and the mean proportional between the 
bases of the frustum 




Given the frustum AD', with lower base ft, upper base &', and 
altitude A, and with volume v. 

To prove that v = i /((& + 6' + VSS'). 

Proof. 1, Complete the pyramid of which AD' is a frustum. 
Denote the volume of the entire pyramid V-ABCDE by v^, and 
the volume of the small pyramid V-A'B'C'D'E' by v^. Then the 
volume of the frustum ia the difference between the volumes of 
the two pyiamids. Let d be the altitude of the small pyramid. 

2. Hence v = v^ — v^ 

^},bih + d)^\h'd 
^i^(hh + hd - h-d) 

= llhh + {h~h-)d-\. 

3. It vcinains U^ express d in terms of ft, //, and h. 
Hut h : h' = (7, + (Ff : d\ 
Tliat is, h + d : d = Vft : V^A 
Fi'om whioh h:d^-^h~Vh': V^. 



Hencf 






§661 
Why? 
Why? 



■ A. 
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4. Substituting this value of d in step 2, 

= ih{p + 6' + Vw7). 

717. CoBOLi.AKV. The volv/me of a frustum of a circular 
cone is equal to the sum, of the volwmes of three cones whose 
common altitude is the altitude of the frusfurti, and whose bases 
are the lower base, the upper base, and the mean proportional 
between the bases of the frustum. 

(Proof identical with tliat of § 716, with the substitution of § 668 for 
g 661 as an autliority for step 8.) 



Volume ok Fkustums 

1. Given a frustum of a regular square pyramid of height 10 cm. 
The base edges are 9 cm. and 4 cm.- long respectively. Find I, I, and v. 

2. Solve the preceding exercise if the frustum is hexagonal. 

3. Given a frustum of a right circular, cone. The radii of the 
upper and lower bases are 6 in. and 8 in. respectively, and the height 
of the frustum is 12 in. Find /, t, and v. 

i. The inside diameters of the bases of a flowerpot are 16 cm. 
and 11 cm., and the slant height is li cm. How many cubic centi- 
meters of earth does it contain when it is completely filled 'i 

5. The radii of a conical friistimi are /■ and r'. If J- = 20 cm., 
r' — IS cm., and A = 24 cm., what are the volume and total surface 
of the solid resulting when a cylindrical hole of radius r' is bored 
through the frustum, perpendicular to the bases? 

6, A cylindrical block of height 17 em. and radius 16 cm. is to be 
turned down to the form of a conical frustum. One of the bases is 
to remain the same, but the other base is to have a radius of 10 cm. 
How much material has to he cut off? 
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718. A prismatoid is a polyhedi-on which has for itss bases 
two polygons in pai-allel planes, and for lateral faces either 
trapezoids, each having a side in common with each base, or 
triangles, each having a side in common with one base and 
the opposite vertex in common with the other base. 

The altitude is the distance between the bases. The mid- 
section is the section made by a plane parallel to the bases and 
bisecting the altitude. 

Proposixiok XVI. Theokbm 

719 Tie ol p nf a p S7 ttoid i eqial t tk the 

p- did ftJe dtt le^ytfe of tf 5 i f/ times 

the n ul te tw 




Given a prismatoiil of volume v, bas&s b and 6', mid-sectioa m, 
and altitude h. 

To prove that ?; = Jft(i + 6' + 4 m). 

Proof. 1.. I£ any lateml face is a trapezoid, divide it into 
two ti'iangles by drawing a diagonal. 

Let represent any point of the mid-section, tfoin O to all 
the vertices of the solid and of the mid-section. 

Then the solid is divided into a number of pyramids, all of 
which have O as their vertex, wliile their bases are 6, V, and 
the triangles formed on the lateral faces. 

2. ]S"ow the volume of the pyramid with base & is ^ AS, and 
the volume of the pyi'amid with base V is \ hb'. Why? 
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3. It remains to consider the volumes of the lateral pyrar 
mids, such as 0-KAB. 

Since KA and KB are bisected at L and M respectively 
(why?), the area of AKAB is four times the ai'ea of AKLM 
(why?). Hence the pyramid 0-KAB is equal to four times the 
pyramid 0-KLM. Why? 

But since the pyi-amid 0-KLM is the same as the pyramid 
K-LMO, its volume is ^ A x ALMO. 

.-. 0-KAB = I A X ALMO. 

4. Similai'ly, the volume of each lateral pyramid ia equal to 
^ h times the area of that poiiion of the mid-section which 
is included within it. 

That is, the total volume of the lateral pyramids equals J hin. 
6. Therefore i? = ^ A (6 + 5' + 4«i). 



1 1 lom the piisniatoirt formula derive the formula for the 
volume ot ii prism. (Let b — b'.') 

2 From the prismatoid formula 
derive tlie formula for the volume 
of a pvramid (Lpt b' = 0.) 

3 Deiive trom the prismatoid 
formula thp foimula for the vol- 
ume of a frustum of a pyramid. 

SuggeaUon 6^m^6',bydeflnitien 
of trustum and *i "60. 



ThPii 





-„ {I «a), 



^^^-^ ; but ^^!^ = 2 (§ 21S) ; 

2; thatis,V6^- V6'= sVm. 

the prismatoid formuli 
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ich watci' is there 



4. The frame of a wagon box has as its lower base a rectangle of 
dimenaionB 10 ft. and 6 ft., and as its upper base another rectangle 
whose dimensions are 12 ft. and 8 ft. The height of the frame is 8 ft. 
What is the capacity of the box in cubic yards? 

5. The figure shows a solid called a wedge. It is a special case of 
apriamatoid. j4£ is parallel to the base edges CI> and JSF, ItCDEF 
is a rectangle of sides 8 and 10, a R B 
and if AB is 7, the height IIS 
being 9, find v. 

6. A water trough has the 
form of a wedge. The top is 
a rectangle of sides 12 ft. and ^ 
18 in. The depth of the trough is 16 in. How a 
in the trough if it is filled to a depth of 10 in. ? 

7. Find a formula for the volume of a truncated triangular prism. 
Let a, 6, and c be the lateral edges and r the area of a right section of 

tlie truncated triangular prism T. The prism may be considered as a 
wedge by taking one of the lateral faces, fc, as a base. But tlie values 
of k and m may be found in terms of a, 6, c, and r, and the prismatoid 
formula reduces toi>= ifr{a + b + c) 

8. Cavalieri s Principle The statement of thii important pnnciple 
is as fuUows Ij tuo lohds are mrtuded belinpen a pan nf parallel 
planes, and i/l/ie tiro ■spc 
lioni cut from, (hem by any 
plane parallel to Oie tn 
elvding planes aie equal 
in area then the vulumes 
of the solids ais equal 

The truth of thp pnn 
ciple may be made obvi 
oua in an informal f roof ' 
asfollows Divide the soli 1 i i n I ' | i I i I'n 

including planes Considci uu iLi i ui lul 1 ) ttulli auui' 
two planer They are approximately cylindrical (or prismatic) with 
equal bases and altitudeii and hence approximately equal m volume 
Increasing the number of slices indefinitely leads to the principle. 

What theorems of Book VII may he regarded as applications of 
Cavalieri's Principle? 
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720. The area generated by a Une-seffment revolving about 
an axis in its plane but not crossing the axis is equal to the 
orthogonal projeetion of the line-segment upon the axis multi- 
plied by the circumference of a circle whose radius is the 
perpendicular bisector of the segment terminating in the axis. 




Given the line-segment AB revolving about an axis LM in its 
plane, CD being the projection of AB on LM, EF being the perpen- 
dicular bisector of AB terminating in LM, and a being the area 
generated by AB. 

To prove that a^CDx2 ttEF. 

Case I, When AB is oblique to LM and does not m,eet LM, 
a is the lateral area of o, frustum of a right circular cone. 

Proof. (Outline.) 

1. Draw EI! II to BD, and AK II to CD. 

2. Tlien o = A II x 2 wEH. § 682 

3. But AABK^AEFH. 

4. Hpnce AB: EI 



that is, AB y 

5. Subatituting, 
Ca^e II, when A lies on 

tlie axis, tii he complfiteil. 



Why ? 

EII = AK X EF = C D X EF. Why ? 
parallel to 



: AK : EII; 



Dx2 vEF. 

,nd Casein, when ^B is 



Noi 



. nAB±L'MA. 
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Pkopositioit \\ III. Theokbm 

721. Tkf, volwtte yi,neiateil bt/ a triangle revolving about 
one of its tides as an axis is equal to one third the product 
of the altitude on one iif the other sides and the area 
generated hy that side 







Given tie triangle ABC, revolving about the side AB as an axis, 
with the side AC and the altitude BD e^ual respectively to b and h, 
and with the volume generated equal to v. 



To prove thnt 






a, generated hy A C. 



Proof. (Outline.) 1. Btsm CE ± to AB, and denote CEhyr. 
As AABC revolves, A ACE generates a cone, andABCE also 
generates a cone. The two cones have a common base, and 
their altitudes are A E and BE respectively. 

<AE + im^X BE 

^^irrxABxr. 

Why? 



2. Hence 


v = i.,n^xA 




= i.,-'xA± 


3. But 


AABDr^AACE. 


4. Hence 


AB:AC ^BD-.CE- 


that is, 


ABx CE = AC X BD 


5. Substituting, v = ^ vrbh ; 


that is, 


V =^ i^ h X. -trh. 
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722. OoBOLLAKY. The vohtme generated by any triwngle 
revolving about an external line in its plane and passing through 
a vertex is equal to one third the prodiiei of the altitude on the 
opposite side and the area generated by that side 

For 1) — voltuce generated by iJEC — \ olume genented T" y iEB. 

Hence o = ^ A ■ area generated I y ( .E — \ ? ipi cieia lU iE 
— j. A- area generated ly iL 





1. An eq^uilateral triangle is revolved about its alliitudo h a 
asia. Find I and v of the resulting solid. 

2. Solve Ex. 1 if the triangle is revolved about one of its sid 

3. A square is revolved about one of its sides, s, as an axis. 
I and V of the resulting solid. 

4. Solve the preceding problem if the square is revolved a 
one of its diagonals, d. 

5. A regular hexagon of side » is revolved about 
one of its diagonals which passes through the center. 
Find I and v of the resulting solid. 

6. If am equilateral triangle of side s revolves 
about an axis which passes through its vertex and is 
perpendicular to its altitude, as shown in the figure, 
find I aud V of the resulting solid. 

. Repeat Ex. 6 if a square of side : 



revolves about a 




ing through one vertex and perpendicular to one of the diagonals. 
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8. Given, a regular hexagonal priain of height h and base edge e, 
h = ^e Fiom this pn&m two congment pyramids are to he removed, 
their bases bping congruent to the bases of the prism. I'ind the 
height of eithei pyianiid if the remaining solid is ^ of the prism. 

9 Centroids The Lenter of grachy of a material solid is com- 
monly understood to be the point at which the weight of the solid 
acts If a line, stiaight or curved, is regarded as a very thin homo- 
!>eiieous rod of unifoim thickness, the centsr of gravity of the 
rod IS called the centroid of the line. For example, the centroid 
of a straight line i^ its mid-point. Again, if a closed plane figure 
13 legarded ai a veiy thin homogeneous sheet (lamina) of uniform 
thicknc«', iti center of gravity is called the centroid of the plane 
figure In the same w*v, the centioid of a solid figure is defined as 
identical with the tenter of gravity of that figure, regarded as a 
homogeneous mateiial solid. Thus tlie centi'oid of a spherical figure 
IS its centei 

By using the principle of the lever (Plane Geometry, Ex. 8, p. 234) 
it is easily shown that the center of gi-avity of a solid composed of 
two parts lies on the line-segment joining the centers of gravity of 
the parts and divides the segment in the inverse ratio of the weights 
of the parts. This result is readily extended to prove the following 
fundamental principle ; If a figure, plane or solid, is sulidieide<l into 
parti whose centroldi lie on n straight line, then the cenlroid of the entire 
figure lies on ihti hne 

Apply the preceding piinciple to a tiiangle by subdividing it into 
very narrow strips by di awing Imes paiallel to a side. Draw the 
median to this side Then it is ea^iy to mfei that the centroid of 
the triangle lies- on this median Hence the (entioid of a tiiangle is 
the point of interseriion of the median-. (§§ 247-248.) 

What is the centroid of a parallelogram? (§§ 201, 204.) 

10. Construct the centroid of a quadrilateral by dividing it into 
two triangles, joining their centroids by a straight line, and dividing 
the line in inverse ratio to the ai-eas of the triangles. 

Note. The process may be applied to any rectilinear plane figure. 

11. The centroid of a tetrahedron lies on a line joining any 
vertex to the centroid uf the opjxisite face, and divides that line in 
the ratio of 3:1. Prove this statement. 
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12. Show that the volume generated by a triangle revolYing about 
one of its sides as an axis is equal to the area of the triangle multi- 
plied by the length of the path of its eentroid. 

Suggestion, b = ^A times area generate^l by h 
= \hyi l> xitAE §721 

= 2v kAE/B X iW). 

But, lc = AE/A (§§247-248, G being 

tlie eentroid). 
.-. u = 27r4x area^JJC. 

13 Show that the area generated by a 
linesegment le^olving about an external a 
in its plane is eq^ual to the product of the lengths of the line and 
the path o± its eentroid. 

Note Exeicisea 12 and 13 are special cases of the Theorems of Pappus 
(300 ad), named fiom their discoverer, and also known as the Theorems 
of Guldiuus (1B40a.i>), who rediscovered them and made them generally 
known. These theorems may be stated aS follows : 

Xf a chsed plane Jl^re makes a compMe revolution obmit an weierjial 
axis in its plane, 

(1) The area qf the solid generated ts eqaal to the prodwA of tite perim- 
eter of the plane figure and tJie length of (A« pty* traversed by the eentroid 
of that perimeter ; 

(3) The volume of the solid gen^ated is equal to the produat of the area 
<:^ the plane figure and the length of the path deacriied bytheceiaroidofthat 
figure. 

14. Apply the Theorems of Pappus to find the area and the volume 
of a circular ring generated by the revolution of a circle about an 
external axis in its plane. 

REVIEW AND UISCELLANEOUS EXERCISES 

1. Prove that the sum of the squares of the four diagonals of a 
parallelepiped is equal to the sum of the squares of the 12 edges. 

2. Prove that if a plane is passed parallel to two opposite edges 
of any tetrahedron, cutting the tetrahedron, the section is a parallel- 
ogram. 

3. Show how a cube may be cut by a plane so that the section 
is an. equila1«ral triangle j a square ; a regular hexagon. 
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4. A plane is passed cutting three adjoining edges of a cube, so 
that the section is a scalene triangle. Prove that the square of the 
area of this triangle is equal to the sum of the squares of the areas 
of the three right triangles formed on the facM of the cube. 

6. Prove that the volume of a tetraiiedron is one sixth the product 
of the shortest distance between two opposite edges and the area of a 
parallelogram whose sides are equal and parallel to these two edges. 

6. The lateral area of a regular hex^onal pyramid of edge a is 
n times the area of th.e base. Derive a formula for the height of the 
pyramid. 

7. A water trough has the form of 
a triangular right prism resting on one 
of its lateral edges, the opposite face 
being horizontal. JiCD = 4.(Mt.,EC = 
3 ft., AH {LEC) = '2ib., find an ex- 
pression for the amount of water in 
the trough when its depth is x. (Uso ■ 

8. The figure represents a 
staircase of three steps. If the 
width of each of the treads is w, 
its height h, and its length I, 
fiad (a) the total surface ex- 
posed if ABCD is attached to 
a wall, (b) the volume. 

9. SolvBtheprecedingproblemif theBtaiicasehas5(7,9,ll)Bteps. 

10. In a cellar the ceiling is supported by five congruent circular 
columns of radius r. If the dimen- ^ 
sionsof the cellar are 7,(0, ft (7i being 
the height), how much of the vol- 
ume of the ceDar is occupied by the 
columns? What is the surface of 
these columns? 

11. A rectangular house has a 
roof in the form of a triangular 
right prism. The width of the 
house is w, its length I, its height to the roof k, while the height of the 
gable triangles is a. Find a formula for the volume of the house. 
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12. A stone bridge has three equal semicircular arches resting on 
four equal rectangular piere (figure below). If the radius of each 
arch is r, the dimensions of the piers ;, w, k, while the distance from 
the top of each pier to the top of the bridge ia d, wiite a formula 
for the entire volione of the bridge. 

13. If in the preceding problem / = 50 ft., w = 5 ft., * = 10 ft., 
r = ft., rf = 12 ft., find the number of cubic yards of material 
used in building the bridge. 




14 Apnnciple of ihysi s states thit the illumination on a given 
suitace causel Iv a flied souice of light \ uies inversely as the 
square of its di-<tance fiom the light 

The diagram illuntrates the pimciile It the suiface A'B'C'D' 



the lurfacp ■iBCD, : 



! fai frtm thp can He 
iBCD equils foui tmiea arei 
iBLD (Whyf) Hence any «iquare 
unit on iBLJD receives one 



fourth the iUumiaation received by 

a square unit in ABCD. Change 

the figure so that A'^'CIY is 

three times as far away from 

the candle as iBCD, and discuss the resulting change iii. intensity 

of illumination 

16 Tno objects of the same kind are 3 ft. and i ft. away from a 
burning candle Compare their relative brightness. 

16 If the earth were three times as far away from the sun, liow 
would the illuinindtiiiu at a given point compare with the present 
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17. The fiyTire bIiowh a 



characteristic of certain forms of 



Romanesciue architecture. The tower represents a 
mounted by ■* pointed tup which has the f Dllowinft 
construction The faces of the tiiangles ABI- 
BCG CDIi B 4.E are i,ontmiaous with the tatee 
of the jnsm The fcnangles aie congruent 
Through thp adjoining sides of two consecutive 
triangles such as BF and B&, pl'ines are passed 
It can be shown that these tour planes must 
inteisect in four edges conGurrent at V 

SohethetoUowingpiollpmil a'jed juthi'jfl^ui'' 
(1) FroTfi that the edges formed by these planes 




Suggestions. Two adjoining faces, EF and FG, 
intersect in an edge FT. (Why?) AEWBG. (Why?) 
Hence FFII.dE and BO. (Why?) MaiLe FV^AE 
and draw EFandGF. Then the Z17EF and FG are rliorabuses. (Why?) 
The plane determined hy E, F, G also passes through H. (Why?) 
Obviousl?, four rhombuses are thus formed, with 
a common vertex at V. 

(2) Prove that FG = MN, if M and N are 
mid-points of two sides of the square ABCD. 

(3) Construct the rhombus VFBG, if 
AB = Bm. and BF^iia. 

(4) Construct the altilnide VO of the top 
of the tower. 

Suggestion. In the right triangle VOB, OB 
known, and VB can he constructed, being 
diagonal of the rhombus VFBG. 

(5) If AABF is equilateral, and AB = a, find the lateral area of 
the part of the tower above ABCD. 

Suggestion. MN=}aV2 = FG. rF = BF^-a. 
iVS^ Va^ - (iaV2f = i a Vl3. 

(6) Find the formula for the volume of the tower 
abovethesection^JSCD, if -4£ = S^. and^S^o. '^ ^ " 

Suggestion. Observe that V-FFGH is a regular square pyramid, and 
that the lower part of the volume can be obtained by the prismatoidfannula. 
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THE SPHEEE 




723. A sphere is a aolid liouoded bj a smface all point=i of 
which aie equally distant from a point withm, railed the center 

The surtacp of a sphere is called i 
spherical smface The radius of a sphere 
loins any point m the surface tu the 
cHiitei, and the diametar of a spheie 
Joins two points, m the Huilace and. 
paaseb thiough the center A hemisphere 
IS half & sphere 

724 A apheiical outface inai he 
leqiaidpd a^ genpiitcd hj a fom- 
pletb letolution of a seiniciiele about itb diametei is 

736, Concentric spheres have a common center. The 
distance from a point to a sphere i'3 measured. 11 a line piasii 
tl lo igh the center )f the sphere (§| .iflS 289) The distaDce 
between two spheres la mea'iuieJ on a line pissiii<r throu 1 
then enters 

726 If a pline is p issed thiough the center of i 
spheie all prints in the intei-section of the pline 
and the sphpiiral suif'u^a will be equally drstant fioin the 

Lntu ± tie spheie The mteisection li theiefoie \ circle 

727 A great circle of d, sphere as 
a circle on the suilace of the sphere 
whose centei is the center ol the 

728. The axis of a great ciicle of a 
sphere is the diameter of the spheie 
which is perpendicular to the plane 
of the circle. The poles of a gieit 
the axis A quadrant is one fomth 




Lie tie the ends of 
i. _ie<i,t ciicle 
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Preliminary Assumptions and Propositions 

729. A sphei-e mai/ be deserved abmtt any given point as a 
eetUer, and with a- radius equal to any given line. 

730. Radii of the same sphere are eqtud. 

731. Diameters of the same sphere are equal. 

733. Spheres having equal radii, or equal diameters, are equal. 

733. A point is within, on, or without a spliere, ciceording as 
its distance from the center is less than, equal to, or greater than 
the radius. 

734. Two sphm'es intersect when their line of centers is less 
than the su/m, but gi'eater than the differenee of their radii ; one 
sphere lies wholly within another when their Utis of centers is less 
than the difference of the radii ; and two spheres lie each wholly 
without the other tchen their line of centers is greater than the 
swm of the radii. 

735. Two concentric spheres are everywhei'e equally distant. 

736. All great circles of a sphere are equal. 

737. A great circle bisects the spherical surface. 

738. Two great circles of a sphere bisect each other. 

What line have their planes in common ? 

739. Through two given points on the surface of a sphere, not 
the ends of a diameter, one and only one ^reat circle wHl pass. 

The two given points, with the center of the sphere, detei'iniiie the 
plane of a great circle, 

740. Through the ends of a diameter of a sphere an indef~ 
niie number of great eireles will pass. 

741. Assumption. The shortest line that can be drawn on 
the surface of a sphere, joining two given points, 'is the minor 
lire of the great circle passed through the two given points. 

743. The spherical distance between two pointe on the surface 
of a sphere is the minor arc of a great circle joining the two 
points. This arc is sometimes called a geodesic. 
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1. Name the geograpMcal great circles of the earth. 

2. Tte length, of a meridian circle of the earth is 84.2 mi. less 
than the len^jth of the eguatot What dues this show about the shape 
of the earth I 

(In EiS 3 anJ 4 the earth is ti be consideied as a perfect spheie ) 

3 A ship saibng fiom Hew lork 
to Oporto Portugal a point ahno'it 
directly east hiil its shcrtest route 
by sailm^ noitheast past the Craiid 
Banks Explain this loute 

4 Trace on a geographical gk)e 
or map the shortest line from Ham 
meifest on th noithem coast ot 
Norway to Point Barron Alaska 

5 If the planes of two ^Teat circles aie peipendi uhi tt each, 
other shiw th'it eaih circle paaaea through the poles of the other 

NoTfc 1 The sphere is one of the most sij,nificftnt geometric foims if 
only for geographic reasons. Astronomy teaches us that, like the earth, 
the planets and the stars are nearly spherical in sliape. Moreover, tlie 
sphere is of eom^deraWe Importance in. all departments of applied 
mathematics, especially in manufacturing. 

HoTE 2. The use of a few simple models will he found helpful through- 
out this chapter. A slated sphere, on which drawings may he made, is 
Tery durable. T"or a number of propositions a, globe should be at hand. 
A useful model of a globe may be made by means of circular rings of 
wire or other material. The rii^ should be nearly of the same diameter. 
One ring may be used aa tlie equator and the others as meridiajis. 

Note 3. The sphere in solid geometry corresponds to the circle in 
pla e geom try. Many properties of the circle will suggest corresponding 
p pert es f the sphere. This fact will often aid in discovering new 

1 t n methods of demonstration. 

N B 4 Among the earliest scientific records are to be found ohser- 
a n f the apparent motions of the stars and planets, as well as of 
th >!i n and moon. .These heavenly bodies were supposed to move upon 
tl urfa e of a hemispherical dome, and this conception was a sufficient 
incentive for the early study of the properties of spherical surfaces. The 
earliest extant Greek matheroatieal document is a treatise on the sphere 
hy an astronomer, Autolycus of Pitane, in JEolis. 
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Proposition I. Theokum 
743. Every section of a spherical surface made iy a plane 
is a circle 



Given tlie sphere whose center is 0, and ABC a section of its 
Burface made by the plane P 

To prove that ABC is a circle. 

Proof. 1. Let A and B be any two- points in the section. 
Draw OA and OB. Draw OD X to P, arid draw DA and DB. 



rt.Ah.1. §166 



Why? 
Why? 



2. Then AOAD^AOBD. 
For OD is common, 

OD±DA, and OD ± DB. 
Also OA ^ OB. 

3. .-. DA = DB. 

4. Hence any two points A and B, and therefore all points 
in the section, are equally distant from D. 

.'. ABC is a circle. 

744. A (^ircla on the surface of a sphere is called a circle of 
the sphere. 

745. A. small circle is a circle whose plane does not pass 
through the center of the sphere. The axis and poles of a 
small circle are defined as for a great circle {§ 728). 

746. GoEOLLAKY 1. The axis of a small circle posscs through 
its center; and conversely, the line which passes through the cenier 
of a small circle and the center of the sphere is the axis of the circle. 
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747. CoEOtiiAiti 2 Cii l-i (f <i sphere made by planes 
equally distant from the eentei are equal ; and of two circles 
made by planes unequally distant from the center, the one made 
by the plane nearer the centei has the greater radius. 

748. COKOiLAitY 3. Circles whose planes are parallel have 
the same axis and the same poles. 

749. CoROLLABY 4. Through three given points on the sur- 
face of a sphere o-ne and only one circle can be drawn. 

750. A polyhedron is inscribed in a sphere when the vertices 
of the polyhedron lie on tlie suifaee of the spheie The ij lieie 
is then circumscribed about the j olyhedron 

751. A cone is inscribed in a spher* when its lyise is a ciicle 
of the sphere and ite vartex lies on the spherical snrface The 
sphere is then cm 
cumscribed about th 

752. A cylinder (oi 
frnstum of a cone) is 
inscribed in a sphere 
when its bases are diUes i 
circuwiscribed abotit the cyl 




ii««lipi|iiiiiiiiii|i,, 



EXERCISES 

1. Are the parallels of latitude really paraUel lines? Why, then, 
is their name appropriate ? ^ 

8. The parallels of latitude and the merid- 
ians of longitude form a network of lines 
encompassing tlie earth. What purpose do 
they serve? 

3. Prove that the plane of a circle of a sphere 
is perpendicular to the planes of all great circles 
drawn through its poles. 

4. The radius of a sphere is 20 in. Find the radius of a circle 
12 ill. from the center ; 16 in. from the center ; 18 in. from the. center. 
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s of longitude is found by 
the eqnitor 1 \ tlie cosine 



5. At what distance from the center of a aphere of radius 25 in. 
should a plane be passed to determine a circle of radius 7 in.? a circle of 
radius 15 in. ? of radius 17.88 in. ? of radius 20 in. ? of radius 24 in. ? 

6. How far from the center of a sphere of radius 10 in. should a 
plane be passed to determine a circle whose area is one half the area 
of a great circle. What would be the latitude of such a circle? 

7. Prove that if a ri^ht cb'cular cone is inscribed in a sphere, the 
vertex is a jjile of the bise 

8 Find the total tiea of a right circular cone inscribed in a 
spheie of radius 10 if the slant heiglit of the cone is equal to tte 
diameter of its base 

9 Show that the lei^th of i, de{ 
niultii lymg the length of a degiee 
(§ 401) of the latitude of the pir^Uel 
on which the degree is measured 

10 Review Ex 17 p 170 Plane 
Geometry showing how the latitude 
of any place on the earth s surf a* e ii 
determined by the Jtitude jangle of 
elevation) of the [wleatar 

11 For the impose of astrcnomi 
Oil measurement the st'^is ire regarded 
as lying on the surface ot a sphere ot 
\ery great ladius eaUed the celestial 
sphere, with the earth as its ueiitei 
The axis of the eaith then points 
diiectly towird the north and scuth 

poles nf this celestial sphere The polestir it located very 
UDrth pole Disregarding the radius of the eiith 
show that the ether itara because ot the laily 
rotation Df the t-arth appeal to describe circles of 
the celestial sphere 

12 When a telescope is mounted equdtoiially 
its principal aiis points directly toward the noitli 
pole of the celestial sphere, and its secondary axis 
is at right angles to the principal axis. What is the 
advantage of equatorial mounting iu mating telescopic observations ' 




Moiti 
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THE SPllEllE 
Pkoposition II. Theorem 



753. All points on a ei/de of a sphtre have the same 
spherical distance from, either of the pole& of the circle. 




Given on a sphere the circle ABC whose poles are P and P', and 
the points A, B, and C on tMs circle. 

To prove that tM great circle arcs PA,PB, and PC are equal, 
and that the great circle arcs P'A, P'B, P'C are equal. 
Proof. 1. Draw the axis PP' of OABC. 

Chords PA, PB, and PC aio equal. § 554 

2. .■. area PA, PB, and PC are equal. Why ? 

In like manner tlxe great circle ai-cs P'A, P'B, P'C are equal. 

754. The spherical distance from the nearer pole to any 
point of a circle of a sphere is. called the polar distance of the 
circle. 

In the ease of agreat circle the distance from either pole may betaken. 

755. Corollary. The polar distance of a great cireU is a 
quadrant. 

A circle may be described on the surface of a sphere by placing one 
point of tJie dividei's on any point as a pole. Special " spherical eora- 
passes" ■with curved arms are convenient for drawing circles upon a 
siated sphere. 

In describing a great circle the conipasssB span the chord of a quadrant 
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Pkoposition" in. Pkoblbm 

a given tetrahedron. 





Given the tetrahedron ABCD. 

Required to oircuMScnbe a sphere about ABCD. 

Construction. 1. At E aiid H, the cirouiucenters of AABC 
and ABCD respeetivelyj erect -k EF and HK to tlie planes ol 
the triangles. 

2, These -k intersect at 0, which ie the center of the circmn- 
scribed sphere. 

Proof. 1. Draw the perpendicular bisectors EL and IlL of 
the edge BC in the planes of A ABC and BCD respectively. 

2. Then plane ELH X BC. Why ? 
Ilenee plane ELH ± plane ABC Why ? 

and plane ELII ± plane BCD. Why ? 

3. .-. /■:i''and7//v lie in plane £/,if. §570 

4. Now ^J*' and H^ are not 11, since they are respectively J_ to 
the two intersecting lines EL and HL. % 178 

.■- EF and HK meet at 0. 

5. Then is equidistant from A, B, and C. § 654 
Also O is equidistant from B, C, and JJ. 

.'. O is the center of a sphere circumscribed about ABCD, 
wb(Be radius is 0.1. 
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Proposition IV. Theorem 

757 If tiLO '■2>he}Ha! svtfmes tnt^rxeit thtu hne 1/ mfei 
section li a nrde wliosi, plane is petjx.ndK'ulaj t) tht line jf 
centers of the two sphens and uko'^e eentei I't on that line 




Given two mtersecting fepkeiKdl auitdujt. with centeis O and 0' 
To prove that their inteTt,eet%on is a evrele whose plune f pei 

pendieulte? to 00' and uho'te center het, on 00' 

Proof. 1. Let A and B be the points of intersection of two 

circles which, when revolved about the line of centers 00', 

generate the given spherical surfaces. 

2. Then 00' is the X bisector of ^£ at C. Why ? 

3. .■. AB generates a plane ±to 00'. § 549 

4. And A describes a circle whose center is C, which is the 
intersection of the two spheres. 

758. Corollary. Through four points not in the same plane 
one and only one spheiicnl sui face can he pa'iied 

If two spherical surfites (uuld be pasi^ed they would \. 
four points wlii h (§757) noulil he tn the same circle But thia i 
impCMSibie (hyp ) 

759 4- plane 01 luie 11 tangent 
to a sphere w hen it has one and 
onlj one point in Ljminin with ._— , 

the iplieie, howevei tar tliL pi me "- ^^^. ■■^■.nB iijIn 
or line it. pioduced 

7E0 Tw D spheies ire tangent to each other w hen th ^ are 
t^Uffent to the same jline at the saiue point 
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Propositi >n ^ TuFORrM 

761. A -plane perpendtivJat t n laiim it its extremity is 
tanyent to the hph i 




Given the plane PperpeadiQulai to the radius 0^ of a sphere at ^. 

To prove that P is tangent to the sphere. 

Proof. 1 . Take any point 5 in P except A . Draw OB. 

2. Then OB>OA. Wlij ? 

.■- B is outside the sphere. 

3. .. P is tangent to the sphere. Why? 

762. CoKOLLABY 1. A line perpendieular to a radius at its 
extremity is tangent to the sph^e^ 

763. Corollary 2. A plane or line tangent to a sphere is 
perpendicular to the radius at the point of contact. 

764. CoKOLLABT R. If a line awl a plane are tangent to a 
sphere at the same point, the line lies in the plane. 



765. Corollary 4. Zftwosphtn- 
the line of centers passes through tin 
point of contact. 

766. A sphere is inscribed in a 
polyhedroii when the faces of the 
polyhedron ai'e tangent to the sphf n 
The polyhedron is then said to i-. 
aircjiinscrihed about the sphere. 



arh III her. 
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Proposition VI. Th 
767. To inscribe a sphere in a given tetrahedron. 





Given the tetrahedron ABCD. 

Required to inseiiie a sphere in ABCD. 

Construction. 1. Bisect the dihedral angles at the edges AB, 
BD, andC^. 

2. The point of intersection of the bisecting planes is the 
ceuter of the inscnbed sphere, whose radius is the perpendic- 
ular distance from this point to any face. 

Proof (Informal). 1. Ko two of the planes can be pai'allel, 
since any two of them have a common point (^1, B, or D). 

2. It can be pi'oved that any one of these planes must inter- 
sect the line of intersection of the other two, and that tlio 
planes meet in a point 

Oall this point of iiitei-section O. 

3. Now is equidistant from the plaues/liiC oadABD (i 579). 
Also is equidistant from the planes BDA and BDC, and from 
the planes DA B and DA C. 

4. .". O is equidistant from the four faces of the tetraliedron. 

5. A sphere whose center is and whose i-adius is the per- 
pendicular distance from to any face is inscribed in the 
tetrahedron. § 761 



y Google 



450 



SOLID (JEOMETRY— BOOK VIII 



768- A. sphere is inscribed in a cylin- 
der when the bases of the Lylmdei and 
all elements of the cylindiiei.i suif »ie 
axe tangent to the '^pheie The c^lm 
del IS then said to be ru umsnil J 
about the bpJieie 

769 A sphere is inscribed in a cone 
when the base ot the Jiie inl 11 
elements of the coniLil suttice iic 
tangent to the spheie The com is 
then said to be uicumsuibed I t 
tkf spheiP 

770. Lines tangent to it sphere f 
a given exten-ncd point are equal 1 1 1 
their points of contact lie on a on I 

The lines may be taken (§ 276) as radu of an luter&BCting sphere (§ 767). 

771. The line of contaot of a sphere iaiscribed in a cone of 
revolution is a small circle of the sphere. 




1. Show that a sphere can be inscribed in a cube. 

2. Light shines on a sphei-e from a point. Show thut the bmmdary 
of the illuminated surface is a small circle, 

3. Derive a general form.iila for the distance 
of the horizon from the top of a mountain 
h feet high (radius of earth = 4000 mi.). 

4. The radii of two spheres are 10 and 24, 
and their line of centers is 26. Find the area 
of their circle of intersection. 

6. Prove that the volume of a tetrahedron 
is equal to one third the product of its total i 
of the inscribed sphere. 

6. Three balls each 6 in. in diameter lie on the floor in contaot 
with each other, and a fourth equal ball is plaj;ed on tliein. Find 
f the center of tlie fourth ball from the floor. 




\ and the radius 
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LOCUS I 
Whoi is the locus of ike center of a sphere 

1. Passing througli two given points? 

2. Passing through two given points and having a givun radius rl 

3. Passing through three given points? 

4. Tangent to two given parallel planes? 

5. Tangent to two given intersecHng planes? 

6. Tangent to three given, planes which intersect in parallel lines ? 

7. Tangent to thi-ee given planes which intersect in a point? 

8. Tangent to three given parallel lines? 

9. Tangent to three given lines which intersect in a point? 

10. Tangent to the elements of a cylinder of revolution? 

11. Tangent to the elements of a cone of revolution? 

12. Tangent to a given plane at a given point? 

13. Tangent to a given plane and having a given radius rl 

14. Tangent to two concentric spheres? 

15. Tangent to a given sphere of radius !■ and having a given 
radius r? 

778, Area of a Spliere. The surface of the sphere, like that 
of the cone and the cylinder, is a curved surface, and its area 
cannot "be measured direetlj- in units of plane area. We can, 
however, approximate to the exact area, as in the next section. 

Historical Mote, The mensuration of the sphere is forever connected 
with the name of Archimedes (287-212 b.o.), of Syracuse, Sicily. He was 
the greatest mathematician of antiquity. His many writings include a 
treatise, in two books, "On the Sphere and the Cylinder." In this he 
proved that "the surface of a sphere is four times that of one of its 
great circles," and that "any sphere is four times a cone whose base is 
a great otrcle, and whose altitude is a radius of the sphere." He also 
found certain important relations between a sphere and the circmn- 
Bcribed cylinder. These discoveries became associated with his name 
so closely that the figure of a sphere inscribed In a cylinder is said to 
have been placed on his tomb. The tomb of Archimedes was still in 
existence at the time of Cicero, and was restored by Mm, in 75 u.c,, 
during his quEestorship in Sicily. 
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Peoposition VII. Theorem 
773. The area of a sphere is equal to four times the area of 




Given the spherical aurtace whose area is s, generated by the rev- 
olution of the semiLiicle ABCDEF ahout the diameter AF of the 
sphere as an axis, and r the radius of the sphere. 



To prove tluit 



S=47T 



Proof (Infyiiual ] 1 Inscribe in the semicircle half of a 
regular polygon of an even number of sldeSj as ABCDEF, 
and diuw the apothems from the center 0. Let t be the length 
of an apothem. From B, C, D, and E let fall Js to AF. 



2. Then the area generated by AB = All ■ 2 irt,, 
the area generated by EC — UK ■ 2 ■Jrt, 



720 



3. Adding these equations, 

the area generated hy ABCDEF^ AF ■ 2 irt. As. 2 

= 2 )■ - 2 TTi = 4 m't. 

4. How if the number of sides of the inscribed eemipolygon 
is indefinitely increased, it is assmned that the area generated 
by ABCDEF approaches the area s of the sphere, and also tliat 
the apothem t approaches r. 
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774. CoEOiLAEY 1. The areas of two aj)heres are to each 
other as the s'piares of their radii or of their diameters. 

a _ i'TTr' . £ „ ^ 

775. A. zone is the portion of the surface of a sphere included 
between two parallel planes which meet the sphere. The circles 
in which the planes cut the bpheie 

are called the bases of the zoiit 
If one of the planes is tangent to 
the spheve, the zone is called a zone 
of one base. The altitude of a zone 
is the perpendicular distance he 
tween the planes of the bases 

Name the geograpliieal zones. Which 
are zones of one base ? 

776. Corollary 2. The area of a sio-ns is equal to theprod- 
iict of the altitude of the zone and the cireumfereTice of a great 
circle of the sphere. 




where h is tlie altitnrte of the zone. 

777. COHOLDAEY 3. Zones on the same sphere o 
to each other as their altitudes. 



778. Corollary 4. The area of a sone of one base is equal 
to the area of the circle whose radius is the chord of the 



In § 773, the area generated by arc AB=AE . 2-iTr=TAH ■ AF. 
BrA AH. AF=AB^ (^304). 

779. A lune is a portion of a spherical surface enclosed be- 
tween two great semicircles. The angle of the luae is measured 
by the dihedral angle formed by the planes of the semicircles. 
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780. A lune is measured by its angle. For two lunes on a 
sphere having equal angles are equal (wh> ^i, and if the ingle 
of one lune is any multiple of the 
angle of a second lune, the aiei of 
the first is the same multiple of the 
ai-ea of the second. (Cf S 563 ) 

781. COBOLLAKY 5. Tks 01 to U 

a, lune is ■^^- i-sri^, t hpie n 
the number of degrees %n the anqh 
of the lune, and r is the ladius cf 




1. Find the area of a sphere whose radius is 10. 

2. Find the radius of a sphere whose area is 154 (take « = ^). 

3. Derive ttormula tor the radius of a Scheie m terms of its area. 

4. What 1^ the ladius ot a sjhere if its area has the same 
numerical value as the eiroumfereuee ot a fjieat tircle' 

5. Hh.it IS tlv a fX t i lime t 2(1" on u sjheie "nliose radius 

6. How many degjees m the angle ot d lune whose aiea is equal 
to that of a great circle of the sphere? 

7. What is the ratio of the areas of 
spheres whose radii are 2 and S in.? 

8. Find the area of the earth's surfai 

assiunuig it to be a perfect sphere of radi i 

4000 mi.? J , I 

9. Show that the area of a sphere is I ' 
equal to the lateral area of the circitm- ^ 
scribed cylinder of revolution l| WfflL ^^ 

10 Shuw that the aiea of a zone ib equal 
to the portion of the 1 iteial aiea of the 

eireuiuBcnhed cvlindei of resolution which is mteicepted h\ the 
planes ot tlie bases of the ione, the axis ot the ryliuder beiu^ 
perjrendiLular to the planes uf the bases o± the zone 
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11. Find the a 



12. What portion, of the surfajie of the earth is included between 
10° N. Lftt. and 30° S. Lat.? 



13. What fraction of the whole spherical auifeuje is illuminated 
from a point of light whose distance from the sphere is equal to the 
radius? the diameter? four times the radius? n times the radius? 

14. What is the ratio of the areas of two zones of the same alti- 
tude on spheres of radii 3 and 12? 

15. Show that the area of a lune is egaal to that portion of the 
lateral area of the eii-omn scribed cylinder of reyohition which is inter- 
cepted by the planes of the sides of the lune, if these planes inter- 
sect in the axis of the cylinder. 

16. Find the area on the earth's" surface bounded Ly the equator, 
the parallel 80° M". Lat., and the meridians 40° jnl 1J0° AV. Long. 
Take r - 4000 mi. 

17. A right cylinder is circumscribed ibt it 
a sphere, and a right circular cone is inscribed 
in the cylinder, having the same base and 
altitude as the cylinder. Find the ratio of the 
total areas of the cone, sphere, and cylinder 

18. A cone of revolution is circumaciibed 
about a sphere. The vertex angle of a secti jn 

of the cone through its axis is 60° (45=) Find the I'vto of the total 
area of the cone and the area of the spheie it the diameter of the 
base of the cone is 10 in. 

783, Volume of a Sphere. Inlonnal Discussion. The spherical 
surface, being a closed surface, encloses a definite volume. This 
volume may be found by various methods of approximation, 
two of ■which are considered in this and in § 786. 

Por a fii'st method consider the volume of a sphere as the 
sum of the volumes of a large number of pyi-amids whose bases 
are small portions of the spherical surface (such as ai'ise, for 
pie, by drawing meridians and parallels for every minute 
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of longitude and latitude), so small that they imj be legaided 
practically as plane f^uies, and each of who^e altitudes is 
equal to the radiaa of the sph 1 1 
Since the volume of each pyra i id 
equals JS7i, their sum will K 
equal to ^s' times the sura cil 
the bases, or ^r-4=7rr^, wl ili 
equals J th-'. 

783. This treatment, howe 
does not admit of rigorous prcHil 

For this reason it is desirable to use the m ^i 

784. A spherical sector is a solid generated by the involution 
of a sector of a circle about some diameter of the circle as an axis. 





H 



785. A spherical segment is a poition of a sphere included 
between two pai'allel planes. The eiiculai sections foimed 
on these planes are called the bases of the segment If one 
of the planes is tangent to the spheie, the spheiicil segment is 
called a segment of one base. 



Iftfc 



^ e 
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Peoposition VIII. Theorem 

786. The volume of a »phere in equal to one third the 
product of the radius and the spherical moface. 





Given a sphere whose center is O, generated by the semicircle 
ABCDEF revolving about the diameter AF as an axis. Let s be 
the area of its surface, r the radius, and v its volume. 

To prove t/uit v = ^rs. 

Proof (Informal). 1. Inscribe ia the semicircle half of a reg- 
ular polygon having an even number of sides, as ABCDEF. 
Draw the apothems of this semipolygon and let t denote the 
value of each of them. Di-aw the radii to the vertices. 

2. Then the volume generated by each triangle of the polygon 
is equal to ^ i times the area generated by its base. §§ 721, 722 

.', the volume generated by the semipolygon is equal to ^i 
times the area generated by the semiperimeter. 

3. Let the number of sides of the regidar inscribed polygon 
be increased indefinitely. Then it may be assumed 

that the area generated by the semiperimeter approaches s ; 
that the volume generated by the semipolygon approaches v ; 
and that the apothem t approaches r. 

4. .■.v = :^rs. 

787. CoROtiAEY 1. The volume of a sphere equals |-7iv° or 
J- Trd^ where r is the radius and d the diameter of the sphere. 

788. CoBOLLABY 2. TJie volumes of two spheres are to each 
other as the cubes of their radii or of their dtametern. 
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789. CoEOLtAEY 3. The volume of a spherical sector is equal 
to one third the product of the area, of the none which foiTns its 
base and the radius of the sphere. 

790 Area asd Volume of a Sphere. Formal DemonstTation. Su^)- 
1 ose tl at tl B 61 e e generated by the revolution of a Beinicircle about 

1 alt f 1 egula polygon of an 
e en u ber of aides s necribed 
In tl e semip rde the sides of this 
sem pilyg ABODEF wiU gen- 
erate thelateral aurfaoeaof aseriea 
of consecutiye cones and frustums. 
Similftily, another such series will ji"a~o 
be generated by the sides of half 
of a similar regular circumscribed polygon HKLMNP, 
'Now the area generated by jiBCI>£'F= 2 5r(-^F, g 730 

t being the apothem. 
Also, the area generated by SKLMNF = 2 irr - HP. 

Let the number of sides of the inscribed polygon be indefinitely 
increased. Then the sum of the lateral areas of the series of cones and 
frustums ■will be an increasing variable which constantly remains less 
than the total area generated by HKLMNP. 

For as the nnmber of sides of the inscribed semipolygon is increased, 
t increases, while -iF remains constant. 

Also, no matter how many sides the inscribed polygon has, 
( < r and AF < HP. .: t ■ AF < r ■ HP, 
and 2 irf . ^P < 2 iri- . HP. 

That is, the area generated by the inscribed semipolygon is an increas- 
ing variable approaching a limit as the number of sides is indefinitely 
increased {§ 482), 

In like manner, the area generated by the circumscribed semipolygon 
as the number of H.dra is indefinitely increased can be shown to be a 
decreasing variable approaching a limit (§ 483), since r remains constant 
whOe HP grows less, hut is always > AF. 

It can now be shown that the areas generated by the inseribed and cir- 
cumscribed semipolygons, respectively, approach the same limit ; that is, 
that their ratio approaches uiiity as a limit. This ratio is 



%iri-AF 



— , which equals 



■ AF 
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But in the similar triangles AOB and UOK, 
i ■.i- = AO:HO. 
"WliPiioo t-.r^AF-.m'. 

The preceding ratio thus becomes — ■ 

Now r is constant, and - i 1. {% 485.) .-. -^ = 1- 

That is, the ratio of the areas approaches uniiy as a limit, and. lience 
the are3,s have a common limit. 

It has also been shown (§ 788) tliat tlie yolume ganei-ated by ABCDEF 
= ^t ■ area genei'ateii by ABCBEF. 

Similarly, the volume generated by I£KLMNP= J r ■ area generated 
by EKLMNP. 

Then it is easily proved that the volnme generated by ABODEF is 



iucrea«ng yariable approaching a limi 
generated by HKLMNP la a decreas 
Further, the Tolmnes generated by the 
gons have a common limit ; 



Tor this ratio ig 



In like manner, the volume 
mg variable approaching a limit, 
inscribed and circumscribed poly- 
r ratio approaches unity as a limit. 



And, as before, this ratio approaches unily as a limit, and the voln^neK 
have a common limit. These considerations juBtify the 

Definition. The area of a sphere is the common limit approached by 
the areas generated by the revolution about a diameter of half the 
perimeters of two regular polygons, one inscribed in a great circle of 
tlie sphere and the other circumscribed about tlie same g;reat circle 
of the sphere, as the number of sides of tliese polygons is indefinitely 
increased ; and the volume of a sphere is the common limit approached 
by the volumes generated by the revolution of these semipolygons. 
Therefore the area, considering the inscribed polygon only, equals 

2m- ■ AF - 2irr ■ 2r = iTTf", 

while the volume equals 
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EXERCISES 

1. Find the volume of a sphere whose i-adius is 10. 

2. Find the radins of a sphere whose volume is 88,S08. (Take 

3. Given v the volume, s the area, and r the radius of a sphere, 
deilve formnlas for i- and s in terms of v, and for i- and v in terms of s. 

4. Plot on one pair of axes the graphs of a, the area of a great 
OLTcle; of 8, the area of a sphere ; and of u, the voltune of the sphere, 
taking values of the i-adins as abscissas, and the corresponding values 
of a, s, and v, respectively, as ordinatea. Give !■ values from 1 to o, and 
take ten vertical divisions equal to one division of the horizontal 
scale. From the graph complete the following table : 



-■ 




2.7 


S-I 


;i.G 


4.2 


4.5 


4.11 


a 










s 
















" 

















5. How many spherical shot ^ in. ia diameter can he made from 
a cylindrical bar of Jeacf 10 in. long and J in. in diameter? 

6. If the diameter of a sphere is doubled, iu what i-atios are tlie 
aorface and the volume'iucreased? 

7. It is desired to double the capacity of a balloon. By what 
number must the area be multiplied 'f 

8. What is the weight of a spherical shell of iron if its external 
diameter is Q in. and its thickness is J in., given that a cubic inch of 
iron weighs .261b.? 

9. How many iron balls 3 in. in diameter can lie made from one 
12 in, in diameter, there being no allowance for waste ? 

10. How many bidlets of 32 calibi* (.32 of an inch iu diameter) 
can be east from a piece of lead pipe 10 in. long, 1 in. in exterior 
diameter, and .| in. thick, there being no allowance for waste? 

11. If the mean diameter of the earth is 7918 mi. and that of the 
moon 2162 mi,, what is the approximate ratio of their volumes? 
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12. Tlie volumes of two spheres have the ratio 27 : 343. The sum 
of the radii is 5. Find the radii. 

13. Find the volume of a sphere eircimiscrilied about a fegulai' 
tetrahedron of edge 12. (See Ex. 45, p. 335.) 

14. Find the ratio of the vol me of a sphere to tl t i tl 
sorihed cube ; to that of the eircun sor bed c 1 e 

15. A right circular cylindei is c reuB s r bed about a sph rf 
10 in. in diameter, and a right c re la e ne s nse ibed n the cybn 
der, its base and altitude being eq al to those of the oybnder Show 
that the volume of the sphere s eq al to the differen e of tl ol 
umes of the cylinder and the cone 

16 A iifle shell has the shaj. t a eyl nle s o ted I a 
hemispherical cap 1 he total length f tl e I 11 s fo t mes ts 
diametei Compaie the surface nd al o the vol inea t tie yl r 
diicaJ and the sphrtical poitions 

17. A solid has the form of a r ght i oulir cone stand nj; o tl 
fiat base of a hemisphere of equal ad s I he c ne an 1 the 1 e 
sphere have equal voliunes. Compare the s -fates of tl e onieal and 
spherical portions of the solid 

18. A square, its inscribed circle, and its eircumscribed circle are 
revolved about a diagonal of the square. Compare tlie volumes of 
the three solids generated; compare their areas. 

19. The sum of the radii of two spheres is i in. The difference 
of their surfaces is 32 it sq. in. Find the sum of their volumes. 

20. Given a sphere 10 in. in diameter, A regular square jiyramid 
is inscribed and its altitude is 8 in. Find the volume and total bui^ 
face of the pyi'amid, and find 
their respective ratios to the 
volume and surface of the sphere, 

21. Prove the fonuula for tlie 
volume of a sjihere by Gavalieri's 
principle (see p. 430) by showing /_, 
that a cross section of the sphere 
is constantly equal to that of the sol 1 1 
cylinder of revolution and a double cone I t y 
To simplify the figure, the sphere is placet besi le tl cyl nd 
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791. Geometry on a Spherical Surface. In the geometry on a 
spherical surfe,ce it is assumed that all eonstnictiona are made 
apon the surface of the sphere. In the proofs of these con- 
structions it is often convenient, however, to use points within 
the sphere. Tbe methods employed aie in some cases identical 
with those of plane geometry. There are, nevertheless, many 
important differences. Some terms and figures employed in 
plane geometry have no corresponding terms and figures in 
spherical geometry, and vice versa {§ 838). To the straight 
line in plane geometry corresponds the ai'c of a great circle in 
spherical geometry. To constrict a great circle of a sphere the 
radius of the sphere must first be found (§ 755). In many 
cases the radius cannot be obtained directly, but must be 
determined by measurements taken on the surface of the 
sphere. This is the case when the sphere is a material solid. 



PHOPoaiTio>r IX. Pjiohlkm 
792. To find the radius of a. material spher 




ConstructiOD. Place one foot of the compasses at any point F 
on the sphere, and with any convenient opening of the com- 
passes, as PA, draw the circle ABC. Measure with the com- 
passes the three chorda AB, BC, and CA, and in any plane 
construct AA'B'C', having its sides respectively equal to AB, 
BC, and CA. Construct D'A', the radius of tlie circumscribed 
circle of the triangle A'B'C'. 
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M'ow the chord PA can be taken as the base, and the radius 
J/A ' of the small circle as the altitude upon one leg of an isos- 
celes triangle whose legs are radii of the sphere. 
(ProTe thia construction.) 

To draw the arc of a gi-eat circle through two given point.s 
the following theorem is employed. 

Proposition X. Theorem 
793. A point on a spherical sxcrface wldoh is at a quadranC s 
distance from each of two other points not the ends of a diam- 
eter is the pole of a great cirnle passing throitgh those two points. 




Given on the sphere whose center is Othe point Pat a quadrant's 
distance from A and from B on the great circle ABC. 
To prove that P is th& pole of the great eircle ABC. 
Proof. 1. Draw OP, OA, and OB. 

2. Then PO ± OA and OB. Why? 

3. Hence PO J. plane ^SC. Why? 

.-. P is the pole of OABC. Bef. 

794, Corollary 1. To draw through two givenpoints on a 
spherical stirfaee the are of a great eircle, deserUte area of great 
cireles about the two givenpoints as poles intersecting at a third 
point. This is the pole of the required great eircle. 

795. CoKOLLAKT 2. If the pole of one great circle lies on 
another great eircle, the planes of the cireles are pcipendiculaT 
to each other. 
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1. Prove that the chord of the polar distance of a sniall circle on 
a sphere is a mean proportional between a diameter of the spliere 
and the distance of the pole from the plane of its circle (§ 394). 

2. On a sphere, with a chord of 425 nun., a small circle is drawn, 
and tlie sides of an inscribed triangle are found to be respectively 
264 mm., 600 mm., and 720 mm. Find the radius of tlie sphere. 

3. The apherometer is an instrument used to determine the radius 
of a sphere, or the radius of curvature of a spherical lens. The three 
feet of the tripod determine a small circle of 
known radius, and the height of the point of 
the screw above tlie plane of this circle is found 
by readings from the upright bar and the hori- 
zontal disk. The radius of curvature can now 
be determined (§ 39;t). Esplabi. 

4. Find the radius of curvature of a spherical 
lens from the following data: 

Radius of base (cm.) l.-o 2.5 2. 3.5 2.5 
Height of iwmt (cm ) 140 J02 284 S77 121 

796 A spherical angle is the figiiie foimed when two -ucs 
of great tuclfa aie dmwn fiom the sime \fimt on the suifiee 
of a =iplieie This point is (.'Uled 
the vertex, ■ind the iics aie cdled 
the sides of the apheiical an^'lt A 
spherical angle is measuipd b> the 
plane angle foimed bj the t m^rents 
to the &idtis at the veitex 



797 A diametei diawu fiom the 
vertex uf a ■apheiical, aii^le is tli 

intersection of the phnes of its sideo (^ TiM Ihe tiuigente 
to the ^ides at the leitex aie perpendiculii to this diameter 
and lie m the planes of the sides. It follow s that 

A spherical angle has the same measure as the dihedral angle 
formed by the pla/nes of its sides. 
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Pkopositiox XL Theorem 

798. A apfwrical angle- is measured hy the arc of a <p'eal 
idreU desoribe '. included h 

iti aides, prod 




Given the spJierical angle AI / ill' 11 ^ r i ni les PA 
and PB; and ^B the included ati ut i , -ic unle u-;.. i i about 
Pas a pole. 

To prove that itph./-Al'B is ■maiA^urEiA, o'j irrc no. 

Proof. 1. Diuw the radii OA and OB; draw 7*7? aud 7*7? tan- 
gent to PA and 7*7^ respectively. Draw the radius PO. 

2. Now /-PDA is measured by the quadrant I'A. 
Hence AO 1. OP. 

3. But DP ± OP, 

and A and DP are iu the plane POA. 

4. Henoe . ^0 II DP. Wlij'? 

5. In like manlier, BO II EP. 

.-. Z.DPE =ZAOB. Why ? 

fi. But Z.AOB is measured by arc AB. 

Hence the spherical ang'le APB is measured by arc AB. 

799. A right sphericftl angle is formed when the planes of 
the sides of the angle are perpendicular to each other (§ 795). 
In this case, each side of the spherical angle is said to he 
perpendicultir to the other. 
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.SrHERIOAL POLYG-OKS AND POLYHEDRAL 
ANGLES 

800. A spherical polygon is a figure on the surface of a sphere 
bounded by three or more arcs of great circles. The aics are 
called the aides, and tlie spherical angles formed by the sides, 
the angles of the spherical polygon. 

801. A spherical triangle is a spherical polygon of thi-ee sides. 
Only spherical polygons ea«!i of whose eides is leas tlian a seniicir- 

cumference are considered in this text. 

802. A polyhedral angle is the figure formed by three or more 
rays having a common origin, no three of the rays lying in one 
plane. The rays are called the edges; the common origin is 
called the vratex ; the planes determined by consecutive edges 
ai-e called the faces; the dihedral angles between consecutive 
faces, the dihedral angles ; and the angles between consecutive 
edges, the face angles, of the polyhedral angle. 

A polyhedral angle is called trihedral, tetrahedral, etc., accord- 
ing as it is formed by three i"ays, four rays, etc. 

803. Spherical Polygon and Polyhedral Angle. From the defi- 
nition of the spherical polyon it follows that the ridii to thp 
vertices of tl e polygon lete n ne a 
I olyhednl ai gle at the te of 
tie sphere Th joljhelr 1 % £,1 

illel tie corresponding centra 
polyhedral angle Mtn^ of tl e i | 
ert es of sj he cal i olj gons a 
leii ed f om the p oj ert es of i oly 
1 edral ai glea a d conversely 

804 Thes 1&, Jaspke-v I poljgon n eas rethefa ea jle 
of the cor espond ng e liral jol /} ed al ngle (Why') 

805. The angles of u, spkeneal pohjgon kav& the iome nteas- 
ure as the dihedral angles of the eori'esponding central poll/- 
Aedml angle (§ 797). 
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806. It should be noted tliat botli sides and angles of A spherical poly- 
gon are measured in d^rees. The lengths in linear units of the sides of 
a spherical polygon, however, depend upon the radius of tlie sphere. 

80?. A convex polyhedral angle is one no faco of which, when 
produced, will enter the polyhedral angle. 

808. A convex spherical polygon is one no side of 
which, when produced, will enter the polygon. 

809. Two polyhedral angles aie congruent if the face angles 
and dihedral angles of one polyhedn,l angle die lespectively 
equal to those of the other and airanged. in the same oidei 

For they can be made to coincide 

810. Two Spherical poly- 
gons, on the same sphere 
or on equal spheres, are ■ 
congruent if the aides and autrles of one die le-ipec- 
tively equal to those of the othei and arranged in 
the same order. 

811. Two polyhedral angles are symmetric if the fi e an^ks 
and dihedral angles of one polyhediil *. 

angle are respectively equal to those of ^ -^ 

the other, but arranged in reverse ordei « 

When all the edges of a polyhedral angle aj p , | 

produced through the vertex, a symmetric pi ly 
hedral angle is formed. 

812. Two spherical polygons, on the same sphere 
or on equal spheres, are symmetric if the sides and 
angles of one are respec- 
tively equal to those of 
the other, hut arranged 
in reverse order. 

When diameters are drawn 

rical polygon, then jthei 
remities are tte vertices of a symmetric spherical pol^g 

In general, symmetric polyhedral angles or spherical polygons can 
te made to coincide. 



"f' 
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813. Homologous parts (face angles and dilieilral ang-les) of 
congruent or ajmraefcric polyhedral angles are equal. 

814. HomologouB parts (sides and angles) of coo- 
graent or symmetric spherical polygons are equal. 

Note The fnllowin" j \ragi tplis will develop some of the properties 
of aphencal triangles These oecupT very m\ ch the satne place In 
spherical geometry aa plane triangles in plaie geometry. It was found 
in the casB of jlane triangles that giveii certain determining parts of 
a triangle the remtinmg parts could be obtained either by constrac- 
tLon 01 by meas irement This taot is of tundamental importance in 
constiuaioDB in surveyma and m trigouimetry (Plana Geometry, pp. 
61-08 181 184 .259 26i) Simile statements hold witli i-eference to 
spherical triangle' 




The theorems un spherical triangles aia laed esteiisi^ ely in navigation 
and afetronomy In tact the whole science of fpheiical triangles is an 
oul^owth of aationomy Prom time immemorial people obserred the 
tegular match of the stars a^ioas the celestial spheie (see Lx, 11, p. 444). 
Gradually these observations, at first vei-y crude, were recorded in 
tables and aliuanaos. Astronomical records dating baclt to nearly 
2000 H.c. have been discovered. The growth of exact and scientific 
methods was very slow. The first known treatise on spherical tri- 
angles is due to Menelaus of Alexandria (98 a.u.), while it was the 
astronomer Ptolemy of Alexandria (150 A.n.) who first made use of 
these triangles for purposes of computation. 

The making and recording of astronomical observafjons Is carried on 
in observatories, of which the famous Lick Observatory, at Mt. Hamilton, 
California, shown in the picture, is one of the finest. 
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PEBLIMINAIiY ThBOBBMS 

815. Two trihedral angles are congruent if they have a face 
angle o,nd the two adjoining diked^'al angles of one e^ualrespeo- 
tively to a, face angle and the two adjoining dihedral arvjles of 
the other and arrwnged in the same order, and sym/metr^ if the 
given parts of one are arranged in reverse order to those of 
the other. 

Prove by aiiperpositioii that one is congruent to the other if tiie parts 
are arranged in the same order. If the parts are not thus an'auged, con- 
stnict a trihedral angle j| 811) which is symmetric to one of Uiose given, 
and proceed as before. 

81fi. Two spherical triangles, on the same sphere or 
on egual spheres, are congruent if they have a side 
and the two adjoining angles of one equal respec- 
tively to a side and the two adjoining angles of the 



other and arranged in the si 


ime order, and 


rid if the given parts of one 
order to those of the other. 


are arranged i: 


Construct the corresponding 
and use the preceding theorem 


central polyhedi 
and S§ 804-806. 



817. Two trihedral angles are eongruent if they have two face 
angles and the intruded dihedral angle of one equal, respectively 
to two face angles and the included dihedral angle of the other 
o/nd arranged in the same order, and symmetric if the given 
parts of one are arranged in reverse order to those of the other. 

Proceed as in § 81S, 

818. Two .spherical triangles, on the same sphere or 
on equal spheres, are congruent if they have two 
sides and the included angle of one equal respec- 
tively to two sides and the included angle of the 
other and arranged in the same order, and symmetric 
if the given parts of one are arranged in reverse 
order to those of the other. 



y Google 



470 HOI. rn OEOMETKV -HOOK V 1 IT 

pROPOsiTio:^ XII. Theorem 

819. Two trihedral angles are congruent if the three face 
angles of the one are respeetiveli/ equal to the three face angles 
of the ■ other and all are arranged in the same order, and 
symmetric if the parte of otic are arranged in reverse order 
to those of the other. 




Given in the trihedral angles 0-ABC and O'-A'B'C, angle 4 OB 
equal to angle A'O'B', angle BOC equal to angle B'O'C, and 
angle COA equal to angle C'O'A'. 

To prove that 0-ABC = O'-A'B'C, or 0-ABC 
to O'-A'B'C. 

Proof. 1. On tlie six edges lay off equal segments OA, OB, 
OC, O'. 1 ', O'B', and O'C Draw AB,BC, CA, A 'B', B'C, and C'A '. 

2. Then AAOBs AA'O'B', Why? 
and AB = A'B'. 

3. In like manner BC^B'C", 
and CA = CA'. 

4. On AO and A'O' respectively 1 
Draw DE in face AOB, and DF in : 
These lines meet AB and AC respt 
AAOC are isosceles. In like manner draw D'E' in face A'O'B', 
andD'F'in face ^'O'C, each J. to 0'^ '. Dmw EF and E'F'. 

5. (Outline) Kow AADE sAA'D'E'. "Why? 

6. And AADF^AA'D'F'. Why? 



' si/fiimef,ria 



J ofE AD equal to A'D'. 
Be AOC, each ± to OA. 
itiYely since AAOB and 



7. Also 



AABC^AA'B'C. 



Why? 
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8, .-, AAKFsAA'E'l'". Why? 

9. .-. ADEF^AD'E'J'". Why? 

10. .'. dihedral aiigl6S-0/l-C= dihedral angle B'-0'A'~C'. 

(Being measurecl by eq^ual plane angles.) 

11. .■, trihedral angle 0-ABC and trihedral angle O'-A'B'Q 
are congruent if the parts are ai'ranged in the sanie order, or 
aymmetrio if the parte are ai'ranged in reverse order. § 817 

820. Corollary. Two spherical ti-iancjles, on the 
same sphere or on equal spheres, are eon'/riient if flieij 
have three sides of one equal respectiveli/ to fki i e sid( s 
of the other and, arranged in the aa 

those of the other. 

821. A trihedral angle is called isosceles if 
it lias two face angles equal. 

822. A spherical triangle is called isosceles if it 
has two sides equal. 

PliELIMISAKY ThEOHEMS 

883. If a trihedral angle is isosceles, the dihedral angles 
opposite the equal fere anr/les are equal. 

CoiLRtruct a syunnetrio trihedral angle (§811). This triliedj-al angle 
will now be congruent to the original trihedral angle (S 817). 

824. // a spherical triangle is 
isosceles, the angles opposite the 
equal sides are equal. 

825. If two dihedral angles of a tri- 
hedral angle are equal, the face anglei< 
o^osite are equal. 

836. If two angles of a sphe 
the sides opposite are equaL 
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Pboposition XIIL Theorem 

827, The xum of any two face angles of a trihedral angle is 
greater than the third face angle. 



Given the trihedral angle 0-ABC, and AOC its greatest face angle. 
To prove that Z.AOB +ZB0C>ZA0C. 
Proof. 1. In the fa«e AOC, oonsttvat Z. A OD = Z.l OB, and 
take OD equal to OB. Draw AB, AC, and BC. 

2. Then AAOB = AAOD, Why? 
and AT1 = AD. 

3. But AB + BOAC. Why? 
Subtracting the equals AB and AD, 

BC > DC. 

4. But in the ABOC and DOC, 

OC is common, 

OD = OB, Cons. 

and BC >DC. 

Hence ZBOOZDOC. §232 

5. Adding the equal angles A OB and^Ofl, 

ZA0B + Z.B0C>ZA0D+Zn0C, 
or ZAOB + ZBOC:>ZAOC. 

828. OoKOtLAKY. r/te sum of two sides of a spheri- 
cal triangle is greater than the third side. 
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PsoPOSiTioif XIV. Theorem 



829. The sum of the face anffles of any convex polyhedral 
angle is less than four right angles. 




Given the convex polyhedral angle 0- ABODE. 

To prove that the sum of the face angles is less than 4 rt. A. 

Proof. 1. Pass a plane intersecting tlie edges in A, B, C,- ■ ■ 
and the faces in AB, BC,. CD, ■ • ■. Join aiiy point M in tliis 
plane to^, B, C, ■ ■■. 

2. T>ien AOBA+ZOBOZABC, §827 
aiid /:0CB+Z0CD>ZBCD, 

Add these inequalities. 

Then the sum of all the base angles of the triangles whose 
common vertex is O is gi'eater than the sum of all the base 
angles of the triangles whose common vertex is M. 

3. But the sum of all the angles of the triangles whose 
common vertex is is equal to the sum of all the angles of the 
triangles whose common vertex is M. Why ? 

4. Hence the sum of all the angles at is less than the sum 
of all the angles at ,1/. § 222, Ax. 11 

5. But the sum of all the angles at M = 4 rt. A. 
.:. the sum of the faoe angles at 0<4rt.A 

830. CoROLtAET. The sum of the side.^ of any convex 
spherical polygon is less than 360". 
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831, A trihedral angle is called a rectangular, a birectangulat, 
or a trirectangular trihedral angle, according aa it has one, two, 
or three right dihedral angles. 

For example, three concurrent edges of a cube form i trirectangulai- 
trihedral angle, while three concurrent edges of a reguUi triinaulai piisni 
form a birectangular trihedral angle. 

832. A spherical triangle 
is called a right, a birec- 
tangular, or a trirectan- 
gular spherical triangle, 

according as it has one, tw i i tint t iir,'ht spherical 






Preliminary Theorems 

833. In, a hireotangular trihedral angle, the faee angles oppo- 
site the right dihedrals are right angles (§ 572) ; and conversely, 
if two faee angles of a trihedral angle are right angles, the tri- 
hedral angle is Hreetangular (§ 566). 

834. In a birectangular spherical triangle the sides 
opposite the equal angles are quadrants; and, con- 
versely, if two sides of a spherical triangle are quad- 
rants, the triangle is birectangular. 

836. In a trirectangular trihedral angle the face angles are 
right angles, and conversely. 

836. In a trirectangular spherical triangle the sides 
are quadrants, and conversely. 

837. Three -mutually perpendicular planes passed 
through the center of a sphere divide the spherical 
surface into eight congruent trirectangular spherical 
triangles. All trirectangular spherical triangles on 
the same sphere are congruent. The area of a tri- 
rectangular spherical triangle is equal to one eighth 
of the whole spherical surface. 

838. Other theorems and constructiona are established hy 
the methods of plane geometry. The following table shows 
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tlie corresponding %ures 
Note that the 



a spherical geometry and plac 
Di-reapondence is not complete. 



SfhbbicaIi Gbometry 
Arc of great circle 
Small circle 
SphericaJ angle 
I'erpendicular arcs 
Pole of small circle 
Pole of great circle 

Spterical triangle 
Rigbt sphencal triangle 
Iso'!c«l6s spherical tiiangle 
Lquilateral spheni^al triangle 
Birectwigulat spherical triangle 
Tiirectangulir spheriLal triangle 
Spherical poljf,on 

Congruent spherical trnn^les "i 
Symmetrical splierical triangles / 



Plane Geometkt 
Stvaiglit lins 
Circle 
Angle 

Perpendicular lines 
Center of circle 



Parallel lines 
Similar figures 
Triangle 
Right triangle 
Isosceles triangle 
Equilateral triang 



Polygon 
Congruent triangles 



In the following, prove the theorems, and solve and pr 

1. Through a given point to draw 
pendieular to a gnen ■«< 




Sugge^ian fake on the giren arc i 
point whiLt 1=1 a quadrant'') distanci 
trom the glTen point Tlii'i is 
of a gieat cirole wlnth i& peipendiculai 
to the given au (g 79j) 

2 To bisect a given arc of a gieat circle 

Suggestion About the ends of the given ares as poles, with equal 
polar diatanues Bufflclently great, defconhe small circles intersecting m 
two points Jom tliese points by a great ciicle arc, which will be the 
perpendicular biaectoi ot ibe gnen an. The piool follows the meth >d 
of Book I, Pmpn^ition VI 
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3. To bisect a given splterical angle. 

4. Tln'ough a given point not the pole of a given great circle arc 
only one great circle arc can be drawn perjiendicular to the given 
arc. (§§789,740. The proof follows §161.) 

5 If two nght &i( iiol bi) eUangalar spherical triangles on a 
sphere have the side ojposite the nght angle and another side in 
one lesi pctively equil to the conesponding patts m the other, the 
Hphencat triangles lie Longiuent oi ajmrnetnc (Cf § 165,) 

6 Every point va. tiie perjiendic ilii hisfctor of a great circle arp 
IB equidistant f re ni the enls of thp arr and conveiselj, every point 
equidistant from the en Is of a gie<tt ciicle arc lies on the perpen- 
dicular bisectoi 

7. To C!r(,ums<,ril e a small i-irclo about a given spherical triangle. 

8. To find the pole of a given small circle. 

9. Small circles circumscribed about two congruent or syiiimetr 
rical spherical triangles on the same sphere are equal. 

10. Tlieorem. If two angles of a spherical triangle are unequal, 
the sides opposite are unequal, and the greater side is opposite the 
greater angle; and conversely. 

839. Polar Triangles. If thre« great circles are described 
about the vertices of a spherical triangle aa poles, eigM spheri- 
cal triang]es axe formed. In one of these triangles it will be 
found that each vertex lies on the same aide of the opposite side 
of the triangle ia the given pole of tint =n.i\fi • th'^t is -is the 
corresponding ve tex ot e o g al 
triangle. This tat,esctlel e ||] iH I | i 

polar triangle of e first t ngle I ■ ' 

Thus, of tlie e B ' 

mined by the gre wn ab 

A, B, and Casposlipa ng =^& — 

A'B'C Is the one vih ■^ ^ nd ^ "^^^^^^^ 

the same side of A B 

Polar triangles f g 

spherical triangle g a 
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POLAR TRIANGLES 477 

Propositi ON XV. Tmeobem 

840 If ont sphvruaJ tnanyle is the polar triangle of 
aiMthet, thin leciyrorally th< snond spherical triangle is the 
pola) tnanc/Ie of th first 

Miiiiiilliiiiiiiiiii|,ii 




Given that the spherical triangle A'B'C is the polar triaagle of 
the spherical triangle ABC. 

To prove that sph. AABC is the polar triangle ofiji?i. A A'JJ'C". 

Proof. 1. Since A is the pole of B'C", the polar distance AB' 
is a quadrant. HyP- 

2. And since C is the pole of A'B', the polar distance CB' is 
a quadrant. 

3. .■- B' is the pole of ^C. § 793 
Sioiilarly, .-[' is the pole of BC, 

and C'' is the pole of AB. 

4. .-. sph.A.-l£C'isthepoIartriaiigloof sph.A.I'yj'C. §839 



EXERCISES 

1. In the prpceding theorem give the proof assuming that 
sph.A-4BC 13 the polai triangle of spL.. Ail'BX". 

2. Sketcli the figure oonespoiiding to the right-hand figure at the 
top of tiiis page, assuming jli. &nA AC to be each less than a quad- 
rant, hut BC greater tKau a quadrant; also assuming AB and AC 
to be each greater than a quadrant bat BC less than a quadrant. 

3. Show that the lolii tiian^lt it a hireotangular spherical 
triangle is aKu hiifctdngul \i 
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SOLID GEOMETRY— BOOK VIII 
Peoposition XVI. Theorem 



841. In two 

ured by the mpplemeiU of the 




Givi ^ iles ABC and A'B'C. 

Tl? prove that ^Q is measured hy the supplememi of A'B', ^B 
by the supplement of C'A', and /.A hy the supplement ofB'C. 



Proof. 1. 
meet B'C' i 

2. Then 

3. Also 

Hence 
That is, 



If necessary, produce the sides of Z.4 until they 
D and E respectively. 

ZA is measured by are DE. § 798 

B'E and DC' are each 90°, 5 840 

B'E + DC" =180°, 
B'D +DE+ DC = 180°. 
B'D+DC' + DE = 180°. 
In other words, DE and B'C' ai'e supplementary. 
4. .■. Z.A is measured hy the supplement of B'C'. 

In like manner, Z.B is measured hy the supplement of C'A', 
and ZC is measured by the supplement of A'B'. 

Similarly, the angles of the spherical triangle A' B'C are 
measured by the supplements of the corresponding opposite 
sides of AABC. 

Kemaek. If the letter at each vertex denotes the value of 
the angle in degrees, and small letters denote the sides in 
degrees, the theorem may be written 

A + a' = 180°, Ti-\-b' = 180°, C + a' = 180°. 
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PttOPOsiTioN XVII, Theorem 
i3. If two triangles on the same sphere or on equal spheres 



an f Uur >i ifv ni r ■> /tflnt f i 



,^^^\ 



Given that spherical triangles T aad U are mutually equiangular. 

To prove that T and U oa-e mutually ei^uUfUeral, and are either 
congruent or symmetrie. 

Proof. 1. Construct T', the polai* triangle of T, and V\ the 
polar triangle of U. 

2. Since T and U are mutually equiaiigulai' (Hyp,), 

T' and U' are mutually equilateial. 5 841 

3. -■- T' and U' ai'e either eongruent or symmetric. 5 820 
Hence T' and U' ai'e mutually equiangular. 

4. But T and U are the polar triangles of 7" and ?/'. § 840 
Hence T and U are mutually equilateral. § 841 

.. T and U are either eongruent or symmetric. § 820 

843. CoEOLLAEY. Iftwo trihedral angles have their dihedral 
angles respectively equal, their faee angles also are respectively 
equal, and they are either congruent or symmetrie. 

Distussion. How many cases have now been considered in which It is 
proved that two splierical triangles are either congruent or Bymmetrio? 
Are there congruence theorems for triangles in plane geometry corre- 
sponding to all of these cases ? 
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Proposition XVIII. Theorem 
844, The sum of the angles of a gpherical trinnyle isyreater 
than two and less than six right anrjluH. 




Given the spherical triangle ABC, in which A, B, and C respec- 
tively denote tHe number of degrees in the three angles. 

To prove that ^+£ + 0180° and<6W. 

Proof. 1. Construct the polar triangle A'B'C, and denote 
the number of degrees in B'C", A'C, and A'B' respectively 
by a,', h\ and c' respectively. 

2. Then ^-|-«'=180°, 

S + ?/ = 180° 

3. Adding these equations, 

(^1 -f-B + C) + (<^' + V + c') = 540' 
.-. A +5 + C<540°. 

4. But «' + 6' + c' < 360°. 

.■•X + B + OlSO". 



§841 



§830 
222, Ax. 11, 



\gles of a trir 
: right angles. 

Discussion. What are the upper and lower limits for the sum of the 
ingles of a fiplierioai quadrilateral ? of a spherical polygon of n sides ? 



-845. Corollary. The sum of the dihedral o 
hedral angle is greater than iwo and less than si 
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SPHEKIOAL TRIANGLES 



1, The sides of a spherical triangle are 7(1°, 50°, itriil ]0(l° Find 
the angles of the polar triangle. 

3. The angles of a spherical triangle aie 30°, 30°, antl 100°. Find 
the sidee of the polar triangle. 

3. Show that the polar triangle of an isosceles spherical triangle 
is also isosceles. 

4. What is known of the pulai- triangle iif an liquilatt-ritl spherical 
triangle? 

5. What sphei-ieal triaingle is its own polar triangle? 

846. Area <rf Spherical Figures. Areas of figures on tlia surlaee 
of a sphere (except zones) are not usually measured directly 
in units of plane area. Instead, a uuit is adopted whieli is a 
portion of the spherical surface itself. 

847. The spherical degree is equal to the area of a spherical 
triangle two of whose sides are quadrants, while the third is 
a great circle arc of one degree. 

A spherical degree on the earth s su face fo examp e s the area of 
a triangle two of whose ades ar ^emime las wh le e third ia an 
equatorial aio of one degree. Tl e spl e i a eg ee nay also be defined 
as a semilune whose angle is one eg ee 

Troni the above definition t folio v=i tl t 

848. The stirfaee of a spherh is equal to 7.^0 sphu ustd degrees. 

849. The number of spherieaJ. degr&es in the area of a lime is 
twice the numher of angular degrees in the angle of the lune. 

850. The spherical excess of a spherical triangle is the excess 
of the sum of the angles of the triangle over 180° (§ 844). 

If a maimer is to lay out a course over a comparatively short distance 
by conatracting a triangle, he may regard tlie triangle as a plane figure 
(plane sailing). But if thedistanceislonger, he must allow for the curva- 
ture of the earth, and the sum of the angles of the tiiangie will exceed 180°. 

831. The spherical excess of a s^jheru-al jjobjgon of n sides ia 
the excess of the sum of its angles over (n — 2) 180°. 
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Proposition XIX. Theorem 

852. TiBO symmetric spheti il 1 f i /J I 

or equal splieres ure equal irt n i 





Given tMt spherical triangles ABC and A'B'C are symmetric. 

To prove that sph.^AHC = .yih.AA'B'C. 

Proof. 1. Let P and P' be the poles of small circles passing 
tliroiigh A, B, O, and A', B', C i-esiiectively. 



2. Then 


OABC^ 


Q A'B'C. 






(Being ch'oun 


iscribed fibout congment plane 


trLangles.) 




3. Draw the arc 


IS of great oi 


rcles PA, PB, 


PC, P'A 


', P'B 


and P'c: These ai 


L-os are equal. 






§75; 


4. Bph.AABP and A'B'F' ave 


isosceles and 


sj-jninetvic. 


Hence 


spKAABPs 


ssph.A^'B'P', 




Why 



In likemanner, sph. A^CP = sph. Ayl'C'P', 

and sph.ABCP = sph.AB'C'P'. 

5. Addhig, ai'ea sph.A^BC-^area sph.A^'£'C". 

If the two poles P and P' fell without their respective tri- 
angles, each triangle would be equal to the sum of two isosceles 
triangles diminished by a third isosceles triangle, the proof 
being unchanged otherwise. 
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Peopositio"* i-X Thbokem 
853. The area of a aphenoaj tnanqle me-asifrtd m spherical 
degrees is equal to itt ^pheru,al edceB>> metsiired in angular 




Given the spherical triangle ABC, tlie letter at the vertex of 
each angle representing its value lu degrees, and T the area in 
spherical degrees. 

To prove T=A+B-\-C — l&d. 

Proof. 1. Complete the great circles of whieli the sides of 
the triangle are parts, giving the points of intersection D, E, 
F, and forming eight triangles, of which four, whose areaa are 
T, U, V, and W, make up a hemispherical surface. Let W be 
the area of the triangle ABF. 

2. Then A CBE is symmetric to AABF. § 812 



.-. W=W'. 

3. Also T + W'=2C. 

(Since the spli.A^BC and ^BP form a kme, whose a 

.-. T + W=^2C. 

Also T + U=2B, 

and T + V=2A. 

4. Adding, ST+U+'r+W=2A + 2B+2C. 

5. But T+U+r+W=d60. 



§852 
§849 

sC.) 



Subtracting, 
Whence 



. 2r= 



2^ + 2B4- 2t'- 360. 
A + B + C— ISO. 
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854. CoEOLLAEY 1. The area, of u, spherical polygon ineas- 
ured in spherical degrees is equal to iti y.! e teal excet,a •meaa- 
ured in angular degrees. 

For a spterioal polygon of n sides may be b oken i to (n — 2) 

spherical triangles, the area of each of which s eq al n e cally to its 

spherical excess. But the sum of the spherical exfesfees f the triangles 
is equal to the spherical exoeiss of the polygon (§ 851} 

855. Corollary 2. The area of a spherical }?olygon equals 

lohere e is the spherical excess of the polygon and r is the radius 
of the sphere. 

856. A spherical pyramid is a solid bounded by a spherical 
polygon and the planes of its sides. 

857. A spherical wedge is a solid bounded by a lune and the 
planes of its sides. 

These solids may easily be shown to have the same ratio to the sphere 
that their bases have to the spherical surface. Since the volume of a 
sphere is equal to one third the product of its radius and its surface 
(§ 786), the volmne of a spherical pyramid, or of a wedge, is one third 
the product of the radius of the sphere and the area of its base. 

858. OoBOLLAKY 3. The volwme of a spherical pip-amid equals 

xohere e is the spherical excess of the base and r is the radius of 
the sphere. 



Find the areas of the following spherical triangles or polygons with the 
given angles, on spheres of the given radii. (^Take tt — V''-) 

1. 90°, 125°, 145°; r = 7in. 5. 78" 31', 94° 19', 20° 10'; 

2. 80", 100°, 140° ; r = 10 in. r = 4000 mi. 

3. 118°, 127", 79"; r = 14in. 6. 40°, 85°, 125°, 130'; r:-lft 

4. 141°, 108° 96°; r=20iii. 7. 70°, 06° 112°, 142°; 7- = 7in. 

8. 84°, 110°, 124°, 152°, 160° ; r = 14 in, 

9. 127°30-, 140°42', 104°37', 110°11'; r = 10 in. 
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REVIEW EXERCISES 

1. How many degrees in each angle of an equilateral sphei-ieal 
triangle of area 33 sq. in. on a sphere of radius 3.5 in.? 

2. The sides of a spherical triangle are 64°, 71°, 85°. Find the 
area of its polar triangle if tlie radius of the sphere is 9 in. 

3. Find the volume of a spherical pyramid if the angles of the 
base are 77°, 84°, and 100°, and the radius of the sphere is lOJ in. 

4. Show that the volume of a spherical segment of one base is 
Trifi ()' •- J A), it its altitude is ft, and the radius of the sphere is !■. 
(The sphei-ical segment may be regarded as the diiference between a 
spherical sector and a cone of revolution whose altitude is !■ — ft and 
the radius of whose base is V2 rft — hK~) 

5. The radius of the base of a segment of one base is 24 ft., and 
the altitude of the segment is 12 ft. What is its volume ? 

6. A sphei-ical segment of one base .8 in. high contains .3 cu. in. 
What is the radius of the sphere? 

7. Find the formula for the volume of a spherical segment of one 
base in terms of the altitude of the segment and the radius of its base. 

8. In a given sphere are inscribed a cone whose slant height is 
equal to the diameter of its base, and a cylinder whose altitude is 
equal to the diameter of its base. Prove that the volume of the cylin- 
der is amean proportional between the volumes of the sphere and cone. 

9. Does the same relation hold in the case of the total areas of 
the figures mentioned in Ex. 8? 

10. A spherical shell is bounded by two concentric spherical sur- 
faces. Find a formula for the volume of metal in such a shell if its 
outside diameter is d, and its inside diameter is d', in terms of d and 
the thickness t of the shell. Show that the volume is approximately 
irdH if the thickness is smaD in proportion to the diameter. 

11. The specific gravity of a homogeneous body floating in water 
is found by dividing the voliune below the level of the water by the 
total volume. Find the specific gravity of a ball if it floats immersed 
to a depth equal to nine tenths of its diameter. 

12. What is the specific gravity of a spherical body floating in water 
if one half of its surface is under water? one third? seven tenths? 
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13. Derive a formtJa for the volume of a spherical segment of 
bases. The spherical aeginent may be regarded as a conical fr 
of revolution combined with the difieiPnce 
between a spherical sector and i solid of 
revolution. Consider the segment is gener 
ated by the revolution of the area ABt f D 
about AB as an axis. Let be the centei 
of the sphere. Let i- be the radius of thp j. 
sphere, i\ the radius of the upper base of ' 
the segment, j-j the radius of the lowei ,' 
base, i the altitude of the segment, ( the 
altitude of the triangle OBC, and I tht 
slant height of the frustum. Then 

vol. sph. eeg. ABCFD 

= vol. sph. sect. OCFD— vol. solid of rev. 
+ vol. frustum ABCED. 
is-ovif vol. sph. sect OCFD = Jm-^i, 

aud vol. solid of rev. OCED-^^n. 

.: vol. sph. ring DFCE = | tiVA - § iri^i = § Jrh(r^ 

= I whifl/i = i TTklfi = J ^k (j-2 - i\ + ftO- 
Now vol. frustum ABCD = iiTk(rf +>-| + r,)-;). 

.-, vol. si)h. seg. ABCDF 

- i xS ( ^^"^^1 + A2) + 1 ^S (r^ + ri + r,r,) 

= l'7rh ()■! - 2 r,!'2 + r^ + h^ + 2 rf + 2 rf + 2 r, 

This formula is often written ^in-^h+ ^irrpi'^ ^trhK That is. 

The voltime of a spherical segment is equal to the sum of the volumeK of 
two cylinders and a sphere, the radii of the cylinders being the radii of the 
upper and lower bases respectively of the segment, their altitudes eacJi 
one half tJie altitude of the segment, and the diameter of the sphere being 
the altitude of the segment. 

14. Derive from the above formula a special formula for the vol- 
ume of a segment of one base. Compare with the formula in Ex. 4. 

15. Find the volume of a spherical segment if the radii of the 
bases are 6 and 10 and the altitude is 8. 



-'■) 



>■.) 



§789 



S717 
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SUPPLEMENTARY PROPOSITIONS 




Congruent, Symmetric, and Similar Solids 

859. Two polyhedrons (and, in general, two solid figures) 
are congruent when they can by superposition be made to coin- 
cide (§ 113). Homologous parte (edges, face angles, and dihedral 
angles) of congruent polyhedrons are equaL 

860. Plane Symmetry. Two polyhedrons (and, in general, 
two figui'es) are said to be st/mmetric with respect to a plane 
when to every point of the first poly- 
hedron there corresponds a point of the 
second polyhedi'on such that the given 
plane, called the plane of syvimetri/, is 
perpendicular to the line segment join- 
ing the two corresponding points and 
bisects that segment. 

The simplest example of symmetric solids aiisfe when any otject is 
compared witli its reflection in a mirror. It will be noted that a poly- 
hedron and its reflection are in general not congruent. 

Numerous examples ot symmetric solids occur in nature, as the right 
and left hands, the two shells of many forms of bivalves, etc. 

861. Point Symmetry. Two polyhedrons (and, in general, 
two figures) are said to be symmetric vnth respect to a point 
when to every point of the first polyhedron there c 
a point of the second 
such that the given 
point, called the c&nter 
ofsymmietn/, bisects the 
line joining these two 
corresponding points. 

Symmetric polyhedral anj 
illustrations of point symniet 




!S iind spherical polygons (§§ 811, 813) a 
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863. Three-dimeiisioiial figurea may also have axiat, or Un£ syirnnelry, 
which is identical in character with that of plaae flgui'es (Plane Geometry, 
§§ 06-101). Two soUds symmetric with respect to a line may be made to 
coincide byreTolving one of tjiemahout the line througli lialf a compT.ete 
revolution. Line symmetry is not further considered in this text. 

863. It can he proved in respect to both point symmetry and plane 
symmetry that the figure symmetric to a straight line is a straight line, 
and that the figure symmetric to a plane surface is a plane surface ; that 
tlie figure symmetric to a line segment is an equal line segment, and that 
the figure symmetric to a plane triangle is a congruent triangle (s.s.s.). 
From this it follows that the figure symmetric to a plane angle is an equal 
plane angle (§ 136), and therefore the figure symmetric to a dihedral angle 
is an equal dihedral angle {§ 663). 

864. The figure symmetrio to a given polyhedron is a poly- 
hedron whose parts are equal respectively to those of the given 
polyhedron, but are arra,nrjed in reverse order. 

866. Two polyhedrons which are symmetric to the same 
polyhedron are congruent. 

Their parts are respectively equal (Ax. 1), and a (kiulili; reversal of 
order of arrangement gives the same order. 

866. A single polyhedron, or other solid figure, may be 
symmetric to itself with respect to a plane (or a point). In 
this ease the plane is called a plane oi symmetry (or the point 
a center of symmetry) of the figure. 



1. Show that a sphere has plane symmetry; also a cylinder of 
revolution; a cone of revolution; a right prism. 

2. How many planes of symmetiy has a rectanguljir parallelepiped? 

3. Give lOustrahons of symiiietiy tiom aichitecture and deco- 
i-ation, ftom objects ot common use 

4. &lir™ that a sphpie has a center of symmetry j a cylinder of 
revolution a parallelepiped 

867. Congruence of Tetrahedrons TliPie aie many different 
eonditioii'i under i^liith two tetiahejioni can be proved con- 
gruent Onl) one suoli congiuence will be tonsidered here. 
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Phopositiox I. Theorem 

868. Two tetrahedrons are congruent if three faces of one 
are congruent respectively to three faces of the other and 
arranged in the same orde): 



Given the tetrahedrons ABCD and A'B'C'D' witli triangle ABC 
congruent to triangle A'B'C\ triangle ABD congruent to triangle 
A'B'D', and triangle ACD congruent to triangle A'C'D' and arranged 
in the same order. 

To prove t/iui tetrahedron ABCD ^ tetrahedron A' B' C' IV . 

Proof. 1. TrihedralZ.l-ifC-DstrihedralZ^'-.S'C'X''. §819 

Superpose these eougnient trihedraJ tingles. 

Then B will MI on -S', C on C, and D on D'. Why ? 

2. -■. £\BCD coincidea with AB'C'jy. 

3. Hence the two tetrahedrons coincide and are congruent. 
869. CoKOiiAKT. Two tetrahedrons have equal volumes if 

three faces of one are congruent respectively to three faces of the 
other, hut arranged in reverse order. 



If P and Q are the given tetrahedrons, oonatruot the tetrahedron F" 
Bymmetric to P with respect to one of the faces of P. Then P' aad P 
haye equal volumes {§ 712). Also P'= Q (§ 868). Hence P and Q have 
equal volumes. 



1. Two pyramids have congruent bases and congruent lateral facen 
arranged in the same order about the respective vertices. Show that 
the pyramids are congruent. 

2. If the order of aiTangement of the lateral faces of one pyra- 
mid in Ex. 1 is the reverse of the order in tlie other, sliow that thi! 
pyramids have equal volumes. 
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Proposition II. Theorem 

870. If two convex polyhedrons have t/wir faces respectively 
congrtient and arranged in the same order, they are congruent. 




Given the polyhedrons P and P', whose faces are respectively 
congruent and arranged in the same order. 

To prove that P = P'. 

Proof. 1. Assume that /I and A' are the vertices of homol- 
ogous ti-ihedral singles.* 

Draw the homologous diagonals BC, CD, DB, and B'C', CD', 
D'B' in the faces adjoining these trihedral angles. 

2. Then £\ABC ^ AA'B'C, 

AACDsAA'C'D', 
and AABD = AA'B'D'. 

. ■ . tetrahedron ABCD = tetrahedron A 'B'C'D', § 868 
and ABCD = AB'C'D'. 

3. If ABCD and A' B'C'D' are removed, the hypothesis holds 
for the remaining portions of P and P', and proceeding as 
before it can be shown finally that P and P' consist of tetrahe- 
drons congruent in pairs and similarly placed. 

4. .-.all the parts (edges, face angles, and dihedral angles) 
are respectively equal and arranged in the same order, and 
P and P' can be made to coincide. 

That is, P = P'. 

.rihedral angle 
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8T1. CoROiiLAEY 1. Tivo pris'mif are eongru&nt if the three 
faces which include a trihedral angle of the one are respectively 
congruent to three faces which include a trihedral angle of the 
other, and are stmilaily placed 

Superpose the given congruent facM Incluline the trihedral angles 
(which aie now congruent by § 819) and then proYe that all the faces 
are r(!f.pei.tivelv uDngruent imd siiralaily placed 

873 COKOLLAEi 2 Tv)o congruent com ea, polyhedrons can 
be nparufed into the same numbei of tetrahedrons, congi-uent 
eaih to each and svm.'datly ^la&'d 

873 OoROLLAEY S Tuo convex pol>/hed) ont, tymmetrie with 
re'^pett to a lomt or a, plane are equal wi lolume 

They can be biokeii up into the eime numbei of symmetric tetra- 
hedions But these tetrahelion* are refipe tively equal (§ 868). 

874. Fi'om the above theorem (f 870) it follmvs that 

A convex polyhedron h determined when its faces are 
determined. 

875. Similar Polyhedrons. It has already been shown (§ 660) 
that a seetion of a pyramid parallel to the base is a polygon 
similar to the base. 

Given a tetrahedron PABC. Suppose that rays are drawn 
from any convenient common origin through the vertices of 
the given tetrahedron, p' 

forming a polyhedral 
angle; and suppose that 
plan^ are passed par- , 
allel to the faces of 
PABC, cutting the faces ^' 

of the polyhedral angle and forming a second tetrahedron 
P'A'B'C whcee edges lie in the faces of the polyhedral angle. 
The new tetrahedron thus determined has faces which are 
respectively similar to tlie faces of the given tetrahedron 
and ai'ranged in the same order. The .corresponding dihedral 
angles of the tetrahedrons will he equal, since their faces are in 
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each case respectively parallel and lie on the same side of that 
face of the polyhedral angle which passes through the 

A corresponding construc- 
tion can be used to derive 
from any given polyhedron 
a second polyhedron whose 
fa^es are respectively similai' 
to those of the given poly- 
hedron, and similarly placed. 

Two such polyhedrons are ^ 

called similar polyhedrons. And since a convex polyhedi'on is 
detei-mined by its faces (§ 874), two similar convex polyhedrons 
may be defined as convex polyhedrons whose faces are similar' 
each to each and arranged in tlie same oidfi 

876. If the second polyhedron is deteinimed bj planes 
which ai'c on the opposite side of fioni the fices of the 
given polyhedron, the poly- 
hedrons are called inversely 
similar, since their faces are 
similar each to each, but 
arranged in reverse order. 

Pebliminaev Theorems 

877. A seetton of a pyramid parallnl to f,h& hose outs off a 
pyrawAd similar to the given pyramvl. 

878. Sbmoloffous edges of simila/r polyhedrons are proportional. 

879. Two homologous faces of similar polyhedrons arepropor- 
tiorml to the squares on any two homologous edges. (§ 416.) 

880. The total surfaces of two similar polyhedrons are propor- 
tional to the squares on any two homologoxis edges. (Apply § 361.) 

881. The ratio of similitude of two aimil* polyhedrons is the 
ratio of two homologous edges. In the construction of § 87S 
the ratio of the distances of two corresponding vertices from 
the origin is equal to the ratio of similitude. (Why?) 
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Proposition III. Theorem 
882. The volumes of two similar tetrahedrons are to each 
other as the cubes of any two homologous edges. 



Given the similar tetrahedrons ABCD and A'B'C'D' with vol- 
umes V and v', and the homologous edges AB and A'B', AC and 
A'C<, AD and A'D'. _ 

To prove that --, — ■ - ■ 

" A'B' 

Proof. 1. On AB take AE^A'B', on AC take AF = A'c; 
and on AD tske AH = A'D'. Draw EF, FH, and EJf. 
Then tetrahedron AEHF^teivah&AtOQ A'B'C'D'. % 868 

2. Let AK be the orthogonal projection of AB upon the 
plane ACD. Draw BK and EL ± to AK. 

3. Then BJiT and EL are the altitudes of the teti-aliedrona 
ABCD and ^EF// respectively. § 569 

. v_AADC.BK ^^^2 





■ ■ v'. /^AHF.EL 


But 


AADC AO^ 
AAHF JP 


And i 


n the similar AABK and AEL 




BK AB 
EL AE' 


Also, 


in tho similar AABC sxidAEF 
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SOLID GEOMETRY— SUPrLEMEls'T 
PKOi'OsirioN lY. TiiJ 



883. 2Wo similar convex polyhedrons can be separated into 
the same number of tetrakedrorw similar each to eaek and 




Given the similar convex polyhedrons P and P' . 

To prove that P and P' can he separated into the satne numhev 
of tetrahedrons similar each to each and similarly placed. 

Suggestion. Chooae a oonTenient origin and construct as in g 875 a 
poiyhedron Q similar to P" and with a ratio of similitude (g 881) equal 
to that of P and P'. Tien Q s P (§ 870). Divide Q and P into the same 
numher of tetrahedrons congruent each to each and similarly placed 
(§872). The foregoing construction can now ba applied to the tetra- 
hedrons in Q to divide P' into tetrahedrons. 

884. CoKOLLAEY. The volumes of two similar convex poly- 
hedrons are to each other as the cubes of any two homologoiis 
edges. 

For the polyhedrons can be separated into the same number of tetra- 
hedrons, similar each to each, whose yolumes are respectively propor- 
tional to the cubes of their homologous edges, and therefore to the cubes 
of any two homologous edges of the given polyhedrons (As. 1). Hence 
their sums hare the same ratio (§ 861). 

885. Similar cylinders of revolution are oylinders which are 
goncirated by revolving aimilar rectangles about homologous 
sides as axes. 

886. Similar cones of revolution are cones which are gen- 
erated by revolving similai' right triangles about homologous 
legs as axes 



y Google 



yUPPLEMKNTAliY PROPOSITl.OiiS idb 

Pkopositiox v. Theorem 

887. Ths lateral a?ca'< or the total (.(?eas rf aimtlai cylin- 
ders of revolution ai( to > ach other as the squai es of their alti- 
tudes or as the squares oj their radn, /md their volumes are 
to each other as the cuhfA, of thnr altitudtR }r wi tin with of 
their radii. 




\\ r'i if leAolution with lateril aieaa 
iiitl / volumes v and v', altitudes h and h', 



To prove tho 


l:V = t:t' = 


h^:h'-'^r': 


■'% 




and that 




v:v' = 


h'':li'' = 7>': 


r'K 




Proof. 1 


Since the generating rectangle 


aie 


similar 




h 


r h + r 

v' h' + »■' 








2. Also 


I 
V 


2 irrh rh 
2 irr'k' . r'h' 


r^ h' 






3. But 


t 


= 2 Tn-ft + 2 TTT^ 


-2m-(A + 


'■)■ 






t 
■ t' 


2w(A + r) 
2^(A' + 7-') 


r(h + r) 
r'{h'-\-r') 


r" 




4. Also 


V 


= -n^h. 










V 


m^k i^h 


'," h? 
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490 SOLID G-EOMETKY— SUPPLEMENT 

Pkoposition VI. Theorkm 

888, The lateral areas or the total areas of two similar 
conei of revolution are to each other as the sijitares of their 
altitudes,- as the squares of their radii, or as the squares of 
their slant heights ; and their volumes are to each other as the 
cubes of their radii, as the (fuies of their altitudes, or a» the. 
cubes of their slant heights. 




Given two s m h a e s and 

total areas t and um nd u' a udes ft and h d r 

and r*, and slaa he gh s s and s respe ve y 

To prove that LI t.f h .k • .1 
ami tlud, v:v' = h^: h'^ ^ 1^ : )■ = s : s . 

Proof. 1. Since the generating triangles are similar, 

2. Also 7,-~ = ^ = 4 = 4 = S,- 



3. Also t= TTrs + m'* — 7r7 


■(. + .■). 


, ( itt(! + )-) 


r(. + r) 


■ ■ (' 7n-'(s' + r') r 


■(.' + /) 


i. Also v = i iT^h. 






.fL-H 
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WUPPLEMENTAE.y PllOPOSITIONS 



1. Show that two uneqaal ouhes are Biinilar; that two iini^qual 
regular tetrahedrons are similar. 

2. The dimensionB of a box aro 4, 5, and 6. What will bo the 
dimensions of a similar box which holds 27 times as much ? 5 times 
as much ? 

3. What is the ratio of the total areas of the boxes mentioned 
in each case in Ex. 2 ? 

4. The bases of two similar pyramids are to each other as i ;25. 
What is the ratio of their altitudes? of their Tolumes? 

5. The altitudes of two similar pyramids are to each other as S ; 5. 
What is the ratio of their bases? of their volumes? 

6. By what nianber must the radius and altitude of a eyliader of 
revolution each be multiplied in order to determine a similar cylinder 
whose volume is 

(a) 8 times as great? (d) J as great? 

(b) 27 times as great? (e) i as great? 

(c) 5 times as great? (f) 1/n as great? 

7. By what number must the radius and altitude of a cylinder 
each be multiplied to determine a similar cylinder whose total area is 

(a) i tim.es as great? (d) ^ as great? 

(b) 6 times as great? (e) J as great? 

(c) n times as great? (f) 1/n as great? 

8. The mid-section of a pyramid has what fraction of the volume 
of the pyramid above it? what fraction of the lateral area? 

9. At what distances from the vertex must a pyramid (cone) 
6 ft. high be cut by planes parallel to the base in order to divide the 
pyramid (cone) into three equal parts ? 4 equal parts? « equal parts? 

10. At what distance from the vertex of a pyramid 10 ft. high 
must a plane be passed to divide the pyramid into two parts which 
shall be in the ratio 3 :4? in the ratio m;n? into three parts which 
shall be in. the ratio a:b:c^ 

11. At what distance from the vertex must a plane be passed 
parallel to the base of a pyramid to divide the lateral area in half ? 
in the ratio 2:3? in the ratio m:n? 
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SOLID GEOMETRY— SUPPLEMENT 



Table or Squares, Cubes, Square Roots, akd 
Cube Roots op Numbers 



=--.. 


Squares 


o„,„ 


Square 


Cube 


No. 


Sanaras 


Cubes 


Square 


Cube 




1 


1 


1.000 


1.000 


61 


2.601 


132,651 


7.141 


3.708 








1.414 


1.269 


S2 


2,7(tt 


140,608 


7.211 


3.732 










1.443 


S3 


2,809 


148,877 


7.280 


3.7S6 




16 


64 


2:000 


1.687 


fi4 


2,916 




7.348' 


3.779 




35 


126 


2.236 


1.709 


S5 


3,025 


166,375 


7.416 


3.802 




36 


216 


2.440 


1.817 


56 


3,130 


176,616 


7.483 


3.825 




49 




2.645 


4.912 


67 


3249 


136,193 


7.649 


8.843 




M 


512 


2.328 


2.000 


98 


3,364 


198,112 


7.616 


3.870 




81 


729 


3.000 


2.080 


SB 


3,481 


205,379 


7.681 






100 


1,000 




2.154 


eo 


8,600 


216,000 


7,745 


3!914 




121 


1,331 


sisie 


2.223 


61 


3,721 


226,931 


7.810 






144 


1738 


3.464 




63 


3,844 




7.874 


8.9S7 




169 


2;m 


3.605 


2!351 


68 


3,969 


■2S0!047 


7.937 


3.979 




196 


2.744 


3.741 


2.410 


61 


4,096 


262,144 


8.000 


4.000 




225 


8375 


3.872 


2.466 


66 


4,225 


274,626 


3.063 






256 


4,096 


4.000 


2.519 


66 


4,3B6 


287,496 


8.124 


4.M1 






4,913 




2.571 


67 


4;4S9 


300,763 


3.185 


4.061 




324 


5,832 


4!242 




6S 


4,634 


314,433 


8.246 


4.031 




■361 


6,859 


4.358 




69 


4,761 


328,509 


S.308 


4.101 


30 




8,000 


4.4T2 


2.714 


70 


4,900 


343,000 


8.366 


4.121 


31 


441 


9,261 


4.682 




71 


5;mi 


357,911 


8.426 


4.140 


S2 


484 


10,648 


4.690 


2!802 


78 


5,184 


873,348 


8.435 


4,160 


33 


529 


12,167 


4.79B 


a.843 


78 


6,329 


389,017 


8.6*4 


4.179 


2i 


576 


13,824 


4.89S 


2.SS4 


74 


5;476 


405,324 


8.602 


4.198 


36 




16,625 


6.000 


2,924 


75 


6,625 


421,875 


8.600 


4.317 


26 


976 


17.576 


6.099 


2.962 


76 


5,776 


433,976 


8.717 


4.335 


37 


729 


19,683 


5.196 


3.000 


77 


5,929 


466,633 


8.774 


4,2H 


S 


784 


21,952 


6.201 


3.036 


?l 


6,084 


474,552 


8.831 


4.372 


2 


841 


24,389 




3.072 


6,241 


493,039 


8.888 


4.290 


30 


900 


21,000 


5!477 


8.107 


80 


6,400 


512,000 


8.944 


4.308 


3 


961 


29,791 


5.667 


3.141 


SI 


6,681 


631,441 


9.000 


4,326 


SI' 






6.656 


8.174 


82 


6,734 


661,368 


9.(65 


4.344 


3S 




35;93T 


6.744 


3.207 


83 




671,787 


9.110 


4.362 


3 ; 


i;i56 


39,304 


g.830 




84 


7^056 




9.165 


4.379 


8 


1,225 


42,876 


6.916 


3!271 


85 


7,335 


614!l2g 




4.396 


36 


1.396 


46,65ff 


6,000 


3.301 


86 


7,396 


636,055 


9.273 


4.414 


87 


1,309 


50,653 


6.082 




87 




658,603 


9.327 


4.431 


8 


1.444 


54,372 


5.164 




88 


7)744 


081,472 


9.380 


4.447 


39 


1,521 


69,319 


6.244 


3.391 


89 


7,931 


704,969 


9.433 


4.464 


4 


i;600 


61,000 


6.324 


3.419 


90 


3,100 


729,000 


9.486 


4.431 


4 


1,681 


63.921 


6.403 


3.448 


91 


8,281 


753,571 


9.639 


4.497 


4 


1,764 




6.480 


3.476 


OS 


3,464 


778,688 


9.5B1 


4.614 


4 


1,849 


T9;507 


6.557 


3.503 


93 


8,649 


804,357 


9.643 


4.530 


4 




86.184 


6.633 


3.630 


94 


8;836 


330,584 


9.695 


4.546 


4 


2^026 


91,125 


6.708 


3.556 


9S 


9,035 


867,376 


9.745 


4.562 


46 


2,118 


97,333 




3.583 


96 


9,216 


834,736 


9.797 




47 


2,209 




6!855 


3.608 


87 


91409 


912,673 




4.6M 


48 


2.304 




6.923 


3.634 


98 


9,604 


941,193 


9:399 


4.610 


40 


2,401 


117,M9 


7.000 


3.659 


99 


9,801 


970,399 






SO 


2.500 


126,000 


7.071 


3.1iK-l 


LOO 


10,000 


1,000,000 


10,000 


4.641 
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ABsle 


Sm 


c™ 


T^ 


ADgle 


E,n 


Co. 


1^ 


I" 


017 


.'J998 


017 


45° 


707 


707 


1.000 


2= 


.035 


.9904 


035 


46° 


719 


095 


IMG 


3° 


.052 




053 


ir 


731 




1.072 


4° 


.070 




070 


48° 


743 


660 


1.111 


6= 


.OUT 


'.me 


087 


49° 


755 


650 


1.150 


6° 


.105 


.995 


105 


60° 


700 


643 


1.192 


7" 


.122 


.993 


123 


61° 


777 


620 


1.235 


8° 


.13M 


.900 


141 


62° 


788 


016 




9= 


.156 


.988 


158 


53° 


790 


602 


1.327 


10° 


.374 


.985 


176 


64° 


800 


588 


1.376 


11° 


.191 




194 


66° 


819 


674 




12° 


.208 


.978 


218 


66° 


829 


559 


1.483 


13° 


.225 


.974 


281 


67° 


839 


645 


1.540 


14° 


.242 


.970 


2m9 


68° 


8^8 


680 


1,600 


1S° 


.259 


.966 


208 


69° 


857 


615 




16° 


.370 


.061 


287 


60° 




500 


1.732 


17° 




.956 


806 


61° 


875 


485 


1.804 


18° 


'.m- 


.051 


325 


62° 


883 


400 


1.881 


19° 


.326 


.940 


S44 


63° 


801 


454 


1.963 


20° 


.342 


.940 


304 


64° 


899 


438 


2.050 


21° 


.353 




384 


65° 


906 


423 


2.144 


23° 


.875 


.027 


404 


66° 


914 


407 


2,246 


33° 


.391 


.021 


424 


67° 


021 


391 


2.350 


34° 


.407 


.914 


4J5 


88° 


927 


375 


2.475 


26° 




.006 


46S 




934 


S58 


2.605 


36° 


.438 


.890 


488 


70° 


040 


342 


2.747 


37° 


.454 


.891 


510 


71° 


946 


326 


2.004 


28° 


,409 






73° 


951 


S09 


S,078 


39° 


.485 


!875 


554 


73° 


056 


292 


3,271 


30° 




^-• 


677 


74° 


061 


276 


3 487 


31° 


:m. 


001 


76° 


966 


259 


8,782 


32° 


•M8 




76° 


070 


242 


4.011 


33° 


.645 


.839 


649 


77=' 


974 


226 


4,881 


34° 


.559 




076 


78° 


978 


208 


4.705 


35° 


.574 


.819 


700 


79° 


083 


191 


5.145 


33° 




.809 


727 


80° 


085 


174 


5,671 


37° 


.602 


799 


754 


81° 


988 


160 


6.314 


38° 


.613 


.788 


781 


82° 


900 


130 


7.115 


89° 




.777 


810 


83° 


903 


122 


8.144 


40° 


leia 


.766 


839 


84° 


995 


105 


9.514 


41° 


.053 




809 


83° 


996 


087 


11.43 


43° 


.609 


.743 


900 


86° 


9970 


070 


14.30 


43° 




,731 


933 


87° 


0986 


052 


19.08 


44° 




,719 


060 


88° 


9994 


085 


28,04 


46° 


-'"' 


.7(17 I 


nm 


69° 


9008 


017 


57,29 



y Google 



y Google 



Altitude, of fnistum, 892 ; of prism 
(cylinder), 378; ot prisniatoid, 
428 i ot pyramid (cone), 301 ; of 
Eone, 463 

Angle, between line and plane, 364; 
of lune, 453 

Angles, equal, 348 

Archimedes, 451 

Area, of curved surface, 380 ; lat- 
eral, 378 seg., 387, 3S1, 400 ; of 
sphere, 451, 458 ; of spherical 
figures, 481 seq. 

Autolycua of Pitane, 441 

Axes of coSrdinates, 368 



1,442 



Axiom of 

Axis, 384, 391, 481, 432, 4 



Barometer, 415 

Birectangular spherical triangle, 

474 
Bireotangular trihedral angle, 474 

Cavalieri's Principle, 430 
Celestial sphere, 444 
Center, of sphere, 439 ; of sym- 
metry, 487 
Central projection, 848, 395, 396 
CentroidB, 434 
Circles of sphere, 489, 442 
Circular cone, 891 
Circular cylinder, 377 
Circumscribed polyhedron, 443 
Circumscribed prism, 386 
Circumscribed sphere, 443 



Concentric spheres, 489 

Cpne, 390 neq.; circumscribed, 450; 

inscribed, 443 ; right circular, 

391, 892 ; Toiume of, 424 
Congi-uent polyhedral angles, 467 
Congi'uent polyhedrons, 487, iSSseq. 
Congruent spherical polygons, 467 
Conical surface, 838, 390 
Convex polyhedral angle, 467 
Convex polyhedron, 835 
Convex spherical polygon, 487 
CoBrdinates of a point, 368 
Crystals, 337 
Cube, 328, 878 ; discussion of, 830, 

831 ; model of, 328 
Cuboid, 878 
Curved surfaces, 338 
Cylinder, 370 seq. ; circumscribed, 

450 ; inscritied, 443 ; lateral area 

of, 387 ; right circular, 377, S87, 

412 ; Tolume of, 412 
Cylinders of revolution, similar, 

494, 495 
Cylindrical surface, 388, 376 

Determination of a plane, 820, 339 

Diagonal, 330, 331, 334 

Diagonal section, 831, 333 

Diameter of a sphere, 439 

Dihedral aJigle, 380, 335, 857 seq. ; 
faces of, .367 ; measure of, 859 ; 
plane angle of, 332, 857 ; of poly- 
hedral angle, 466 ; right, 332, 
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